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Major hospitals face a difficult challenge of designing shift sched-
ules for their residents that satisfy demand, provide quality care, and
are compliant with regulations restricting shift lengths. Motivated
by empirical work conducted by the authors at the Brigham and
Women’s (B&W) Hospital in Boston, we analyze the impact of shift
lengths on two key performance metrics. The first metric is admitting
capacity—the largest patient arrival rate sustainable by a given shift
schedule. The second metric is the number of reassigned patients—
the number of patients admitted temporarily by one doctor and then
permanently transferred to a resident.

We build a queueing model to compare two shift scheduling poli-
cies that are representative of the alternatives encountered in hospi-
tals: one where residents work long shifts on alternating days, called
Long Shifts (LS), and another where residents admit patients daily
in short shifts, called Daily Admitting (DA). We determine the ad-
mitting capacity for our queueing model under each policy. Then we
construct a fluid model—a large scale approximation of the underly-
ing queueing model. We show that for each policy, the fluid model has
a unique steady state solution. Finally, we establish an interchange
of limits between the stochastic and fluid models in steady state. We
use these results to compare the key performance metrics under the
two policies.

Our analysis shows that the DA policy has a greater capacity to

admit patients than the LS policy for all parameter choices. Further-
more, we numerically establish the existence of a threshold value,

such that the number of reassigned patients is smaller for the DA
policy than for the LS policy if and only if the arrival rate of patients
is greater than the threshold value. Since most hospitals operate at

near critical loads, our two findings lead to the conclusion that sched-
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ules which rely on shorter more frequent shifts than those found in
practice would increase admitting capacity and reduce the number of

reassigned patients.

1. Introduction.

1.1. Background and empirical results. In this paper, we study the effect of medical resident
schedules on hospitals’ capacity to admit patients and the quality of care delivered. This work is
motivated by an empirical study [1] conducted by the authors with Brigham and Women’s hospital
(B&W) in Boston. As a teaching hospital, the majority of patients at B&W have medical residents
as their caring doctor. When our study began, it was a common practice for residents to have
long work hours, with 80 hour work weeks and very long shifts, some extending to 36 continual
hours spent in the hospital [35]. However, over the last twenty years, concerns over the dangers of
resident fatigue, both for patients [15, 27, 33, 35], and residents [3, 4, 21, 35] have led to increasingly
stringent regulations on resident shifts, especially for those who are in their first year of residency.
Most recently, a new regulation that entered effect in August 2011 imposes a maximum shift length
of 16 hours [23]. Proponents of the long shifts are concerned primarily with patient continuity of
care. They argue that reducing shift lengths will result in more patient handoffs between caring
practitioners, increasing the chance of miscommunication and accidents [8, 31]. A particularly
undesirable type of handoff is a reassignment, when a patient is admitted temporarily by one
doctor and then is transferred to a resident for a permanent care. Reassignments are dangerous as
they greatly increase the risk of losing information that should be used in determining a course of
treatment. Additionally, long shift advocates additionally argue that reducing residents’ hours will
force hospitals to increase staffing levels to compensate for lost capacity to admit patients [37, 38].
The impact of shift schedules on the number of reassignments and admitting capacity are two main
questions we address in this paper.

We build a queueing model that compares the capacity and performance of different resident
schedules to determine the quality of long shift alternatives. Using this model, we show that policies
using shorter, more frequent shifts have a greater admitting capacity than policies using long less

frequent shifts, when the total number of hours spent admitting patients is the same. Furthermore,
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we show that scheduling policies based on frequent short shifts cause fewer reassignments when the
patient load is high. Since most of the hospitals operate at high load, this observation is relevant
to the majority of hospitals. Our theoretical results are substantiated with extensive empirical
estimations which are reported in [1], where these two main findings are verified in a number of
experiments based on real life data. In particular, we simulated the flow of patients in B&W hospital
under a four day rotating cycle Long shift—-Off-Short shift—Off (LOSO) resident schedule, and a
similar six day variant. These were the schedules used in the hospital prior to the regulation of
2011. According to this schedule, at the beginning of the cycle a resident stays on a long (22-24
hour) shift, admits no patients the following day, then is on shift again for the morning of the third
day (5-7 hours), and finally admits no patients on the fourth day. Residents were organized into
a number of teams that was divisible by four with each team offset by a day so that the teams
would provide uniform coverage. We have compared the performance of the LOSO schedule with
an alternative schedule, called MMMO (Medium-Medium-Medium-Off). The schedule is also based
on a four day rotating cycle where for the first three days residents are on shift for 8 to 10 hours
and then have one day off. The shifts are set to provide more coverage during the peak of patient
arrivals (see Figure 1 for the arrival rates throughout the day) and thus the schedule is expected
to reduce the number of reassignments.

The results of our empirical studies are summarized on figure Figure 2, where we report the total
number of reassignments at the current patient load of about 3250 patients a year, as well as for
increased and decreased patient loads obtained by artificially changing the total number of patients
while maintaining the hourly, daily, and monthly arrival rate patterns. The results are consistent
with intuition one derives from queueing theory—we see a nonlinear degradation of the performance
as the utilization of the system increases. However, the results indicate that the performance of
LOSO degrades faster than the performance of MMMO, suggesting that the two policies have
fundamentally different capacities despite using the same total number of hours. Also, we see that

the MMMO schedule performs better at the current load of 3250 patients per year.

1.2. Our results and discussion. Motivated by these empirical findings, we build a stylized
queueing model of the patient flow in a hospital. Patients arrive according to a non-homogenous

Poisson process with rate A; in one half of each day (say 10am till 10pm) and rate Ao < Aj in the
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remaining part of the day. We consider two stylized policies to schedule the residents, which while
significantly simplifying the actual LOSO and MMMO policies discussed above, capture the salient
features of these policies. The formal description of the two policies is given in the next section.
Now we just provide a high level description and discuss their main features.

The first policy we analyze in this paper is the Long Shifts (LS) policy, motivated by the LOSO
policy above. According to this schedule two teams of residents with the same number of residents
in each team work for the duration of a day every other day, taking a day off after each day on shift.
Namely the first team works on days 2n + 1,n > 0 and the second team works on days 2n,n > 1.

The second policy we analyze is called Daily Admitting (DA), and is motivated by the MMMO
policy. According to the DA policy, two teams of residents each with the same number of residents
as for the LS policy work every day during the high load (10am-10pm) half of the day, and a are
off-shift for the other half of the day. Both policies organize the residents into two teams that are
offset by a day in the rotating schedule, thus providing uniform coverage. The main distinction
between the LS and DA policies is that DA is based on adopting shorter more frequent shifts.

The arriving patients are assigned to residents according to the following mechanism used both
for the LS and DA schedules. Each resident has an upper bound (cap) on the number of patients he
is allowed to have in care. Each arriving patient is assigned to a resident chosen uniformly at random
from all residents on shift who have not reached their cap (in fact the analysis does not depend on
how patients are assigned to available residents for these policies). If all the residents are capped at
the arrival epoch, the patient joins the queue of unassigned patients and is cared for temporarily
by a doctor from a back-up supply of care providers. We assume that we have an infinite supply of
these providers, although using them is expensive in a sense to be described below. These patients
are subsequently assigned to a caring resident on the first come first serve basis, as soon as one of
them is available. Patients remain in the hospital for a random exponentially distributed amount
of time, beginning from when they are assigned to a resident. We make this assumption because in
practice, the newly arriving patients without an assigned resident are stabilized but the treatment
plan is not determined until they are assigned to a resident.

We now summarize our results. First, we determine the throughput capacity of each policy.

Specifically, for a given number of residents, we compute the maximum arrival rate at which patients



can arrive before the queueing system becomes unstable, i.e., the number of unassigned patients
grows without bound. We show that DA has a greater throughput capacity than LS, independent of
the parameters of our model, supporting our hypothesis from Figure 2 that MMMO has a greater
capacity than LOSO.

Next, we compare the number of reassignments under LS and DA. In comparing policies, we
are interested in the expected number of reassignments per day in steady state. As direct steady
state analysis appears intractable, we instead resort to the method of fluid approximation of the
underlying queueing model. We analyze the long term behavior of the fluid model and show that
it converges to the unique steady state solution. The steady state fluid solution carries important
information about the long-term performance of the underlying stochastic system. In particular, we
prove an interchange of limits result, that the steady state number of patients being treated and the
number of patients waiting to be reassigned converges to the steady state fluid solution under the
appropriate rescaling. We obtain an implicit formula for the number of each type of reassignment
per day in the fluid limit that can be solved numerically. Under minor technical assumptions, we
also prove that the number of reassignments in the underlying stochastic model converges to this
value in the fluid rescaling, thus justifying fluid approximation. These results provide important
qualitative insights.

In particular, computing the number of reassignments under each policy from the fluid steady
state solution, we find that the DA policy leads to fewer reassignments than the LS policy when
the load is high, and leads to more reassignments than the LS policy when the load is low. These
findings are consistent with the observed behavior of LOSO and MMMO shown in Figure 2. Since
most hospitals tend to operate at high load, our results lead to the conclusion that the hospitals
should consider implementing schedules with shorter more frequent shifts, as it will increase the
capacity to admit patients and reduce the number of reassignments. In this sense the new regulation
restricting further the length of shifts should not be perceived as an impediment to efficient handling

of patients at hospitals.

1.3. Related literature. We now mention some other approaches considered in the field of opera-
tions research for capacity management in hospitals. A very general survey of capacity management

in healthcare is given in [18]. Simulation studies of capacity have been done for medical resident
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schedules [10, 25] and various other hospital resources [12, 24, 28, 32, 39]. However, as these sim-
ulations are incredibly sensitive to the details of each hospital’s operations, the results do not
generalize well to other hospitals. There are some recent papers which propose a queueing model of
patient flow in a hospital, and then solve for important performance metrics, either analytically [40],
asymptotically [9, 40, 41], numerically [34], or with heuristic methods [20]. Although not explicitly
about healthcare, in [22, 29], fluid models for queues with time varying arrival rates alternating
between overloaded and underloaded periods are considered. These models are more in the spirit
of our work than the previously cited models from a technical perspective, as transient behavior

and “end of day effects” (see [19]) play a prominent role.

1.4. Organization and Notational conventions. The remainder of the paper is organized as fol-
lows. The queueing model and its fluid limit are described Section 2 and the main results are stated
there. In Section 3 we numerically solve for the steady state behavior of the fluid model and discuss
the performance implications for our queuing model. Then we give some concluding remarks in
Section 4. The proofs of the main results are then in the appendix. In Appendix A.1, we exactly
characterize the stability of our queueing model under each policy using a simple linear Lyapunov
function type argument. In Appendix A.2, we use quadratic Lyapunov functions to bound the
expected steady state queue length. In Appendix A.3, we prove the existence of the fluid limits,
applying the results in [30]. Then in Appendix A.4, we show that the fluid limit has a consistent
periodic long run behavior under each policy, where the solution in each period is characterized
by a simple system of differential equations. In Appendix A.5, we prove that the long run solution
to the fluid model approximates the steady state queue lengths of the underlying queueing model.
Justifying this requires an argument for an “interchange of limits.” As in [16], we use our moment
bound from Appendix A.2 to show tightness of the rescaled stationary distributions, and then we
follow the technique of [13] and similarly [36] to prove the interchange of limits. In Appendix A.6, we
use the result of Appendix A.5 to show that the long run number of daily reassignments converges
in the fluid rescaling converges to a natural function of the fluid limit. Finally, we have two rather
technical sections: Appendix A.7, where we show several elementary properties of the solution to
a differential equation, and Appendix A.8, where we use another Lyapunov function argument to

distinguish between the null recurrent and transient cases in our queueing model.
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We conclude with a summary of the mathematical notation used in the paper. Throughout, R
(R4) denotes the set of (nonnegative) reals, and likewise, Z (Z;.) denotes the set of (nonnegative)
integers. For a vector x € R", ||x[|, = (3_1, xf)l/p is the £,-norm. The ¢; ball of radius r is denoted
B.(x) ={y € R? | |x —y|l1 < r}. For #,y € R, # Ay = min{z,y} and (z)* = max{z,0}. We
define f(t7) as lim; » f(7) when the limit exists. We let Exp(u), Pois(A), and Bin(n,p), denote
an exponential random variable with mean 1/u, a Poisson random variable with mean A, and
a Binomial random variable with mean np and variance np(1 — p), respectively (these moments
characterize the distributions). If the sequence of random vectors X", n = 1,2, ..., converges weakly
(in distribution) to X as n — oo, we say X" = X. For a stochastic process X (¢) in either discrete
or continuous time, E;[X (¢)] denotes E[X () | X(0) = z]. A sequence of continuous time vector
valued stochastic processes X" (¢) on a common probability space € converges almost surely (a.s.)

and uniformly on compact sets (u.o0.c.) to a deterministic function x(¢) if for every ¢ > 0 and almost

every w € {2,
lim sup {||X"(s,w) —x(s)|1} =0,
n—oo OSSSt
where || - ||1 is the 1-norm for vectors. See [7] for more details. As in [11] sections 11.2-11.3, for

functions f: R” — R, we let || f||L = supx yegrn [f(x) = f(¥)]/[x — y|l1 denote Lipschitz semi-norm
(when f is a Lipschitz function, the value of this norm is the smallest Lipschitz constant that f

satisfies). We let || f||Br, = || f|lz + || f|loo- This quantity is a true norm.

2. Model, Assumptions and Main Results. We begin by introducing our model of res-
idents admitting and treating a flow of incoming patients. The patients are assumed to arrive
according to a non-homogeneous Poisson process. For each k € Z, the process has rate A\; over the
time intervals, [k, k+3) and rate A2 < A\; over the time intervals [k+3%, k+1). Let let A = (A1 +X2)/2
denote the average arrival rate and

AN telkk+3),
At) =

Xy telk+3k+1).
The intervals [k, k + 1) represent, for example, 24 hour cycles, where [k, k 4 %) is the portion of

the day, say from 10am to 10pm, in which the vast majority of patients arrive (see Figure 1).
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The residents are combined into two teams, A and B, identical in size, which are eligible to admit
patients (are on shift) according a schedule to be described below. Each team has capacity ¢ > 0
bounding the maximum number of patients the team can have in care. Each arriving patient is
assigned to one of the residents on a team, chosen uniformly at random, provided that at least one
of the teams on shift has not reached its capacity c. Note, that this is equivalent to saying that each
resident has in care capacity ¢/N, where N is the number of residents on each the team. If each on
shift teams has reached its capacity, the patient joins a single queue and is cared for by one of the
back-up doctors until one of the residents is available, at which point the waiting terminates, using
the First-In-First-Out assignment policy. The availability occurs either when one of the assigned
patients leaves the hospital freeing the capacity of one of the teams, or when one of the teams with
load less than ¢ begins a shift.

At any time, each team is in one of two states, on shift or off shift, as specified by a policy.
Patients remain assigned to a team until they leave the hospital. The durations of hospital stays
are assumed to be i.i.d. and exponentially distributed with rate p. That the random length of
treatment time each patient requires begins accumulating at the moment of assignment to a team,
and continues to accumulate when team is off shift. How this corresponds to actual practices is
explained in the introduction.

We consider two scheduling policies controlling when each team is on shift, Long Shifts (LS)
motivated by LOSO, and Daily Admitting (DA), motivated by MMMO (see the introduction for
descriptions of LOSO and MMMO). LS is a two day rotating schedule. Team A is on shift on odd
days, i.e. [2k + 1,2k + 2) for all k € Z,, and off shift otherwise. Similarly, team B is on shift for
even days, i.e. [2k,2k+1) for all k € Z,, and off otherwise. In DA, both teams A and B are on shift
every day for the first half of each day, i.e. [k, k + %) for all k € Z, and off otherwise, effectively
creating a single team with double the capacity.

To state our results, it will be convenient to introduce the following quantities describing the
dynamics of our model. For ¢t > s > 0, let A(s,t) denote the number of patients that arrive in the
time interval [s, t] according to our non-homogeneous Poisson process. For each policy 6 € {LS, DA},
let Qy(t) denote the number of patients in the queue not yet assigned to a team plus the number of

patients assigned to the teams that are on shift at time ¢. For each 6 € {L.S, DA}, let Ry(t) denote



the total number of patients currently assigned to teams which are off shift at time ¢t. Further, for
each 6 € {LS, DA} we introduce the random vector Sy(t) = (Qg(t), Rg(t)), which we take to be the
state of our system. The processes Qg(t), Ry(t), and Sy(t) are assumed to be right-continuous with
left limits. For every s < t, we let Dg"(s,t) denote the total number of patients which departed
in the time interval [s,#] from the teams which were on shift in this period. We define D§(s,t)
analogously.

Under the policy LS, for each k € Z and each t € [0,1), Qrs and Ryg satisfy

(1) Qus(k+1t) = Qus(k) + Ak, k+t) — DPg(k, k + 1),

(2) Ris(k+t) = Rys(k) — DL (K, k +t).

On [k, k4 1), we see that in distribution Qrs(t) behaves exactly as the total number of customers
in system for an M(t)/M/c queue with arrival rate A(¢), service rate p, and initial value Qrs(k).
Similarly, on [k, k + 1), Rrs(t) behaves as an M /M /c system with no arrivals, service rate p, and
initial value Rrg(k). At each time k € Z, a transition occurs: the off shift team switches to on

shift and vice versa, and patients that are waiting can get assigned to the team rotating on shift.

In terms of Qs and Ryg, this can be described as follows:
Qus(k) = (Qus(k™) — ¢)" + Rus(k7),
Ris(k) = Qus(k™) Ac.
We define operator I' : RZ x Ry — R2 by
(3) D(g,rir) = (g —R)" +r.qAR),
and note that we can equivalently write
(4) Srs(k) =T'(Sps(k™);0).

The equations (1), (2) and (4) along with a distribution of the initial states Sys(0) completely
determine the distribution of Syg(¢) for all ¢ € Ry. It is immediate that on integer times, the
process Sys(k) is a two dimensional Markov chain on the countable state space Z; x {0,1,...,c}.

Moreover, without loss of generality we can restrict the state space to the set,

(5) Sis 2{0,....,c? U{(g,¢) | g € Z+},
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as this set is the image of I'(; ¢) when we take the domain to be Z4 x{0, 1, ..., c}. Thus Sy s(k) € Sts
for all £k > 1 with probability one.

We now describe similar relations for the policy DA. For every k € Z, and every ¢ € [0, %),

Qoa(k+1t) = Qpa(k) + Ak, k +t) — DR (k. k + 1),

Rpa(k+1t) =0,

(6)

where on [k, k + §), the process Qpa(t) has the same distribution as an M/M/2c¢ queue with an
arrival rate of A\j, a service rate of p and an initial value of Qpa (k). At time k + 3, both teams

move off shift, resulting in the transition

Qoa(k+3) = (Qoa((k+3%)7) —20)",

Rpa(k+4%) = Qoa((k+%)7) A2c
Equivalently, in terms of I,
(7) Spa(k+3) = T(Spa((k +3)7); 20).
On [k+4k+1),

- Qoak+3+1t)=Qpa(k+3) +Ak+ 5 k+3+1),
Roa(k+3%+1) = Roa(k+3) — DRA(k+3,k+3+1).

Now on [k + %,k + 1), Qpa(k + 4+ t) changes according to a Poisson process with arrival rate Ag,
and R(t) is an M/M/2c¢ queue with no arrivals and service rate p. At integer times, we have a

second shift change, this time leading to

Qpa(k+1)=Qpa((k+1)7)+ Rpa((k+1)7),

Rpa(k+1)=0.
Equivalently, in terms of T',
(9) Spa(k +1) = T(Spa((k +1)7);0).

Equations (6), (7), (8) and (9) along with the distribution over the initial states Spa (0) determine

the distribution of Spa(¢) for all ¢ € R4. Again on integer times, the process Spa (k) is a Markov
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chain on the countable state space. However, now the state space is the one-dimensional set
A
(10) Spa = Z4 x {0},

as Rpa(k) =0 for all k € Z.

We are now ready to discuss our main results. We define the stochastic process Sy(t) to be
stable if the embedded discrete time process Sy(k) for k € Z is positive recurrent, and unstable
otherwise. Normally we define stability for this type of problem as positive Harris recurrence of the
process Sy(t), t € Ry. However, it is easy to see that in our case these definitions are equivalent,
and further that the former definition is much easier to work with.

Observe that under both policies, Rg(k) is bounded hence Qg(k) is the only potential source
of instability. Thus when Sy(¢) is unstable, with probability one, the number of patients waiting
to be assigned to a resident team will grow without bound. Note that in reality, when a hospital
has a large number of patients waiting, it reroutes incoming patients to other hospitals to reduce
congestion, so instability would actually correspond to the hospital frequently being forced to turn
patients away—clearly a very undesirable situation.

We now discuss conditions under which Sy(t) is stable. Before formally stating our results, we
provide some intuition. Let L.(¢) and Lo.(t) be the number of patients in system for an M (t)/M/c
queue and M (t)/M/2c¢ queue both driven by the arrival process A(0,t), respectively. For LS, it is

not difficult to see that we can couple Spg(t) with L.(t) and La.(t) such that surely, for every ¢,

Loc(t) < Qus(t) + Rus(t) < L(t).

The inequalities hold as the process Sys(t) has capacity between ¢ and 2¢ at all times ¢. Similarly,

we can couple Spa () and Lo.(t) such that
Loc(t) < Qpa(t) + Rpal(t).

Recall from basic queueing theory that the process L.(t) is positive recurrent iff A < cp and Lo.(t)
is positive recurrent iff A < 2cu. In light of our coupling, we thus expect the maximum throughput
(the largest A = (A1 + A2)/2 such that Sy(t) is stable) of Spg(t) to lie between cu and 2cp, and
likewise we expect the maximum throughput of Spa(t) to be at most 2cu. This suggests that we

need to determine to what extent each policy can utilize the 2c¢ total capacity available to treat
12



patients, or conversely how much forced idling is caused under each policy by a team’s inability to

admit new patients when off shift. To this end, we let
A A
11 =
(11) PLS = S = o) 1o’
A
2¢(1 — e H/2) +cp’

1>

(12) PDA

We intend to show that Sy(t) is positive recurrent iff pg < 1 for each 6. These values of pg imply

that

A A
N2 =c(l—e ™) +ep, Moa & == =2c(1 — e7?) 4 p,
PLS PDA

give the maximum throughput of Syg(¢) and Spa (¢), respectively. Thus our main stability result is

as follows.

THEOREM 1. For each 0 € {LS,DA}, the process Sy(t) is positive recurrent when py < 1,
null recurrent when pg = 1, and transient when pg > 1. Namely, the process Sy(t) is stable iff
po < 1. Furthermore, ppa < prs- In particular, the Daily Admitting policy has a greater mazximum

throughput.

The intuition behind the result is that the queue will be stable as long as conditional on the
queue being large, the expected number of arrivals per day is less than the expected number of
departures per day. Independent of the initial queue length, we expect A arrivals per day. For the
sake of argument, assume the initial queue length were infinite, so the resident teams are only idle
when they are off shift and have completed caring for their initial patients.

Under the policy LS, in a single day the team on shift has ¢ patients in care at all times each
recovering at rate u, producing Pois(cu) departures. Thus the expected number of departures from
the team on shift is cu. For the team off shift, as we assumed there were infinitely many patients
initially in care, we begin with all ¢ capacity utilized. Again patients depart at rate u, but now when
they leave they are not replaced. The probability a patient will depart is P(Exp(p) < 1) =1—e *.
As whether or not each patient departs is independent, we have Bin(c, 1 — e™*) departures, so the
expected number of departures from the team off shift is ¢(1 — e™#). Thus the expected change for
the number of patients in the system is given by

s 2N —cp—e(l—e ),
13



Recalling that we expect the system to be stable when 71, > 0, we see from (11) that this is
equivalent to prg < 1. Performing a similar computation for DA, we see that in a single day there
are Pois(cu) on shift departures and Bin(2¢,1 — e H/ 2) off shift departures, giving an expected

change in the number of patients in system of
—YDA Sa- e —2¢(1 — e M),

Thus the queue should be stable if ypy > 0, or equivalently from (12), when ppa < 1. To show

ppA < pLs, it suffices to show that 2 — 2e M2 > 1 — e *, which follows since
(13) 1—2e M2 fe = (1—-e"?)?>0.

As cp 4 2¢(1 — e H/?) < 2¢pu, we see that DA still results in fewer expected departures than an
M /M /2¢ queue. However, if we are willing to consider schedules with more shift changes per day,
we can achieve an expected number of departures arbitrarily close to our “upper bound” of 2cu
by generalizing the policy DA. Given k > 0 integer and even, consider the schedule where both
teams are on shift for [i/k, (i + 1)/k) for all i even (the case of i = 2 is simply the policy DA).
This divides the day into k equally sized pieces, where for k/2 such pieces both teams are on shift,
and for the remaining k/2 periods both teams are off shift. We see immediately that independent
of k, each team still spends half of each day on shift. In this half day on shift, our two teams’ 2¢
capacity will again have Pois(cu) departures. Now in each of our off shift periods, the probability of
a patient leaving is P(Exp(p) < 1/k) = 1 — e #/¥_ so we have Bin(2¢, 1 — e #/¥) off shift departures
in each of our k/2 off shifts, or Bin(kc,1 — e_“/k) off shift departures per day. Thus the expected
off shift departures per day is kc(1 — e H/ ¥). Letting k — oo, we see through Taylor expansion that
our off shift departures tend to cu, giving 2cu total departures as with the M /M /2¢ queue. While
in practice, we cannot have arbitrarily short shifts, we do see a general trend that shorter shifts
increase capacity.

The stability property however is not the only relevant performance measure. An important
quantity to look at is the number of patient reassignments (i.e. the number of arriving patients
forced to wait due to the non-availability of residents, as discussed in the introduction). For each
policy 6 € {LS, DA}, we can easily verify that Sg(k) is irreducible and aperiodic on Sy. Thus under

the condition py < 1, there exists a unique steady state distribution for Sy(t), and we denote this
14



random vector by Sy(co). Analyzing Sy(co) directly appears to be intractable. Instead, we resort
to the method of fluid approximation, which we now define.
Given the parameters of our queueing model A1, Ao, 1 and ¢, we consider a sequence of approx-
imate models n = 1,2,..., where we change the parameters so that in the nth model, AT = An,
5 = Xon, u" = p, and " = cn. In words, the rate of patient recovery is fixed, but the patient ar-
rival rates and patient capacity scale up linearly. For each policy 6 € {LS, DA}, we let Qj(¢), Ry (¢)
and Sj(t) be the corresponding processes. We let Sy be the set Sy as defined in (5) and (10) for the
processes Sy (t). The process associated with fluid rescaling is defined as Sj(t)/n. We immediately
note by (11) and (12) that pg does not change with n, so the stability criteria for each Sj(t) is
the same. Thus for py < 1 the sequence Sj(co)/n is well defined. Our next main result is that as
n — 00, the sequences Sy (t)/n and Sy (co)/n converge meaningfully to some deterministic process
so(t) = (qo(t), r9(t)), and its unique fixed point limy_, sp(k), respectively. We now provide details.
For LS, we define the process spg(t) = (qus(t),rLs(t)) on Ry x [0, ¢| inductively on intervals

[k, k +1). For each interval, consider the system of ordinary differential equations (ODEs)

(14) qus(t) = A(t) — plqus(t) Ac),

(15) rs(t) = —prps(t).

At integer times k > 1, the process jumps as did Spg(k). Specifically, we let

(16) srs(k) = T(sps(k™);0).

In analogy with Spg, we will show that at integer times k& > 1 this process is actually restricted to
(17) Tis 20,2 UR, x {c}.

We now give a similar construction for spa(t) = (¢gpa(t),mpa(t)) on Ry x [0,2¢]. Again for each

interval [k, k +4), we let rpa(t) = 0 and define gpa () by
(18) gpA(t) = A1 — p(gpa(t) A 2¢).
At times k+ 3, k€ Z,, we let

spa(k +3%) = T'(spa((k +%)7); 20).
15



For each interval [k + %,k + 1), ¢gpa(t) and rpa(t) are defined by the following ODEs:

dpa(t) = A2,

TpA(t) = —purpa(t).
Again at integer times k > 1, we define
srs(k) =T(spa(k™);0).
We let
(19) Toa 2 Ry x {0}.
We will show that this is the set of possible values spa (k) can take for integer k > 1.

PROPOSITION 1. For every 6 € {LS,DA}, and every sg(0) € Ty, sg(t) exists and is uniquely

defined for allt € Ry. Further, for all integer k > 1, sg(k) € Ty.
The result is shown in Appendix A.4. We now formally relate Sy(t) to sg(t).

THEOREM 2. For each 0 € {LS, DA}, if S;(0)/n — s¢(0) a.s., then

S2(t
lim 79( ) = Sg(t),
n—oo n

a.s. and u.o.c.

While this theorem allows us to approximate Sy(t) by the simpler process sy(t), we have not
established any relationship between Sp(oco) and sy(k) as & — oco. We do this next, but first we
need some definitions.

Suppose we are given a discrete time dynamical system on a state space X C R™ defined by

f: X = X, ie xp41 = f(xg) for all k. A point x* is defined to be attractive if for all xg € X,

lim x, = x".
n—o0

Note that there can be at most one attractive point. We now state our next result relating sg(oco)
and Sy (00).
16



" Theorem 1 n

6 (k) B(00) === - o mm- oo s Wi (00)
k — oo
Theorem 2 | lim S5 (k) Theorem 3| lim Si () Corollary 1| lim M
n—oo n n—oo n n— 00 n
so (k) Theorem 3 S F s wh (o)
k — oo

Fic 3. A diagram explaining how each of our theorems relate our stochastic process and the fluid limit, for finite
times, at steady state, and then finally for the steady state number of reassignments.

THEOREM 3. For each policy 8 € {LS,DA}, the sequence sg(k) has a unique attractive point

sg(00) € Tg iff pg < 1. Moreover, when pg < 1, the following convergence in probability takes place:

n
. o0
Jim 2L = ().

Notice that condition for the existence of an attractive point for sy(t) is exactly the same
as the stability condition for Sy(¢). In the second claim of Theorem 3, we are essentially jus-
tifying an interchange of limits, as informally we are “equating” limy, o limy_,oc Sy (k)/n with
limy,_ 00 limy, 00 Sj (k) /1, as shown in the left half of Figure 3.

We now use this result to approximate the steady state number of reassignments in the queueing
model. For each § € {LS, DA} and each k € Z, let W} (k) (resp. WZ(k)) be the number of arriving
patients during [k, k + %) (vesp. [k + 3,k + 1)) that are forced to wait a nonzero amount of time
before assignment to a resident, i.e. the number of reassignments. Similarly, when pg < 1, we define
W (00) (resp. WZ(o0)) to be the steady state number patients forced to wait during [0,3) (resp.

[4,1)). Next we define variables for the fluid approximations of these quantities. Let by(t) be

(20) brs(t) = Ligs (1)}

I a tE [k‘, k+ l),
(21> bDA(t) _ {gpa(t)>2c} 2

1 telk+3k+1),

17



i.e. bp(t) is the indicator that the on shift teams are saturated. We define

b

(22) wh (k) = /k " bo(t) A1 dt,
k+1

(23) w2 (k) = /k | b0t

When py < 1, we let wj(00) = wj(0) and wi(oo) = wi(0) assuming the fluid system begins in
steady state, i.e. sp(0) = sp(00). We next argue that wj(oo) and wj(oo) asymptotically describe
the steady state number reassignments. Let Wel’n(k‘) and Wg’n(kz) be the number of reassignments

for S (t) from our fluid approximation. Then

COROLLARY 1. For policy LS, assuming A1, As # cu, and for policy DA, assuming A\ # 2cu,

the following convergence in probability takes place:

Wl,n

i T i),
W2,n

nl1_>no10 gn(oo) = wi(o0).

The case when \; = cu for either j = 1,2 presents some annoying technical difficulties. As
realistically we will never have exact equality, we do not pursue this issue further. This sequence of
results justifies approximating Wy (c0) and Wg(oco) by wp(00), w3(00), respectively. The result of

Corollary 1 are summarized in the right half of Figure 3.

3. Numerical Results. In this section, we numerically solve for the steady state solution
of the fluid model of each policy. We then compare the cost of the reassignments in a single
day starting at steady state under each policy as we vary the average arrival rate. We relate our
numerical observations to our empirical observations from Figure 2.

Throughout this section, we use the following parameters in our model: © = 1/2, ¢ = 40,
A1 =9A/5, and A = A/5. Our choice of p and ¢ imply that A\j g ~ 35.7388 and ), ~ 37.6959. The
value of ¢ and the ratio of A\; to A2 were chosen to be representative of a department from a large
hospital such as B&W. The value of pz must be chosen more carefully. In light of Remark 1, we set
1 to control the relative sizes of the average length of stay and length of time between shifts. At

B&W under the policy LOSO, there is a long shift every four days and the average patient length
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of stay is four days. Thus in our model we set the average length of stay (1/u) to be two days as
the policy LS has a long shift every two days.

In Figure 4, we fix A at 34 and observe the steady state behavior of our two policies in the fluid
limit over the course of a day. Notice that A < Afq < Afj,, so under both policies the fluid model
is stable, but heavily loaded. We see that for both policies, under these particular parameters, the
number of patients being treated by the teams on shift plus the number of patients waiting, g (t),
increases over the first half of day. For LS, the capacity of 40 for the teams on shift (as indicated by
the dotted black line) is exceeded, and resulting in some reassignments. For DA however, as both
teams are working during the first half of the day, we stay below the capacity of 80 patients and
have no reassignments. In the second half of the day, under LS we see that the backlog of patients
subsides and we return below 40 patients by the end of the day. For DA, as both teams are off shift
during the second half of the day, we see a jump at time 1/2 between gpa and rpa and then small
backlog of arrivals accumulate in the second half of the day.

In Figure 5, we show the number of reassignments for each policy in [0,%) and [4,1) as we vary
A. The dotted vertical lines indicate A\[g and Aj),, the largest patient arrival rates such that LS
and DA are stable. We see that our observation from Figure 4, that LS had many reassignments in
[0,%) while DA had no reassignments in this period, is typical when the system is heavily loaded
(for A near A{g). We also see in Figure 5 that when X is low, both polices cause no reassignments
in the first half of the day, and only DA causes reassignments in the second half the day. As A
increases towards Aj g, we see LS begin to reassign nearly all patients, while DA continues to only
reassign patients arriving in the second half of the day. Finally, for very large A, we eventually see
DA reassigning some patients during the first half of the day. While for these particular parameter
settings, we only see DA reassignments in the first half of the day for A so large that LS is unstable,
this does not hold for all parameter settings. Interestingly, we see that under DA for A near A\}),,
the number of reassignments does not approach A, while it does for LS. This is occurring as under
these parameters, we have more patients leaving than arriving in the second half of the day, creating
some spare capacity during the start of the first half of the following day.

Comparing Figure 5 with our empirical observations from Figure 2 we see that the relationship

between LS and DA is qualitatively similar to the relationship between the B&W policies LOSO
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Fic 4. Steady state number of patients in system in the fluid limit under each policy. Parameter values: A\ = 34,
AL =9X/5, Aa = A\/5, p=1/2, c=40.

and MMMO. Most importantly, we have preserved the property that shorter more frequent shifts

are the better policy when the patient load is heavy.

4. Conclusion. We have developed a queueing model to determine the effect of long shifts
in medical resident schedules on the hospital’s capacity to admit patients and the quality of care
delivered. Our model was motivated by the empirical work [1] on scheduling medical residents for
B&W hospital. In this paper, we compared the stylized schedules Long Shifts (LS), where residents
worked 24 hour shifts on alternating days, and Daily Admitting (DA), where residents worked every
day but only during peak arrival hours. We used Lyapunov function techniques to characterize the
stability of our queueing model under each policy. We found that DA has a greater capacity to admit
patients than LS for all parameter choices. To analyze the long-run performance of our queueing
model, we first considered the associated fluid model, which is a deterministic system with periodic
dynamics. We showed that under each policy, when the queueing model is stable, the fluid model
had a unique periodic steady state solution. We showed that our queueing model under the fluid
rescaling converges to the fluid model on finite time intervals. Then we used an interchange of
limits argument to show that the steady state queue lengths under the fluid rescaling converge

to the unique steady state solution of the fluid model. We use these results to approximate the
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Fic 5. Steady state number of patient reassignments in the fluid limit for different X\ under each policy. Parameter
values: A1 = 9N/5, Ao = \/5, u=1/2, ¢ = 40.

steady state number of reassignments in our queueing model by the steady state behavior of the
fluid model. Numerically solving for the steady state of the fluid model under various parameter
choices, we found evidence suggesting the existence of a threshold value on the arrival rate such
that DA causes fewer reassignments than LS iff the arrival rate exceeds the threshold value. These
results substantiate the main empirical findings in [1]. The issue of resident schedules is currently
quite pertinent, as new regulations restrict residents to a maximum shift length of 16 hours [23].
Our work contributes to understanding the implication of the new regulation. As hospitals tend to
operate in heavily loaded regimes, we find that schedules relying on shorter more frequent shifts

could increase capacity and reduce reassignments.
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APPENDIX A: PROOFS

A.1. Stability conditions for two schedules. Proof of Theorem 1. In this section, we
prove Theorem 1, characterizing the stability of Sy(¢). We show these results using the method of
Lyapunov functions, which we describe next. Let {Xj} be a discrete time irreducible Markov chain
on a countable state space X C Z9. First we give a condition for the positive recurrence of {Xj}

due to Foster (see [2]).

PRroOPOSITION 2. If there exists a function V: X — R, v > 0, and a finite set B C X such that

for all x € B,
(24) Ex[V(X1) = V(Xo)] < o0,
and for allx € X \ B,

Ex[V(X1) = V(Xo)] < =7,
then {Xy} is positive recurrent.

A function V satisfying these properties is usually called a Lyapunov function. Lyapunov func-
tions can also be used to prove {Xy} is not positive recurrent when the drift is nonnegative. The

following is a special case of Proposition 5.4 from [2].

PROPOSITION 3.  Suppose there exists a Lyapunov function V: X — R, a finite set B C X and
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a state'y € X \ B satisfying

(25) sup V(x) <Vl(y),
(26) 8161?{ Ex [(V(Xl) - V(Xo))Q] < 00,
(27) dnf B[V (X1) — V(X)) 20

Then {X} is either null recurrent or transient.

Returning to our model, we now let the Lyapunov function V': Sy — R, be defined by V(q,r) =
g + r for the Markov chain {Sy(k)}. We first analyze the drift under the policy LS, namely
E[V(Sts(1)) — V(Sts(0))]. Let A £ A(0,1), D 2 De1(0,1), and DI £ Do(0,1) denote the

number of arrivals and departures in a single day under LS.
LEMMA 1. We have

(28)  —s = lim B [V(SLs(1) — V(Sis(0)] = (q’j)réfSLsE(q,r) [V(Sts(1)) = V(Ses(0))]-

Additionally, there exists a constant Crg > 0 depending only on u such that

(29) S0 B [(VSis(L) ~ VISisO)F) £ ¥+ A+ Cis(c? +0)
q,m)ESLS

PROOF. First, observe that the value of the Lyapunov function does change at time 1:
(30) V(SLs(1)) = V(I'(SLs(17);¢)) = V(Sws(17)),
as applying I' does not change the number of patients in system. Thus for £ =1, 2,
E(g.r [(V(Sts(1) = V(Sts(0)] = By [(V(S1s(17)) = V(SLs(0))']
(31) —E(qr) | (A~ D3 - DED)] .

Let DY& 4 Pois(cp) and Dﬁﬁi Bin(c,1 — e #) such that D%, D, and A are independent. As
Dpg(0,t) for 0 < ¢t < 1 has the distribution of the departure process for an M(t)/M/c queue, we

can couple Dy with Dﬂg such that regardless of Spg(0),

(32) g3 < Dy,
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For the off shift departures, as the patient length of stay is exponential, each of the r = R(0) < ¢
patients in care will depart in the interval [0,1) with probability 1 — e™* independently of other

patients. Thus Dﬁfg 4 Bin(r,1 — e #), so trivially it can be coupled with Dﬂg such that
(33) Dy < DY,

with equality when r = ¢. From (32) and (33) we obtain that for any initial condition S(0) =

(q,7) € Sis
A DRy - D > A - Dy - Dik
Taking expectations and then the infimum over all (¢,r) € Spg, we obtain that

inf  Egn [V(Srs(1)) = V(S(0)] > A—cpu—c(l —e ) = —1s.
(qrr)GSLS

Observe that for any realization where Q(0) = ¢ and Dfg < Dﬁ% < g — ¢, we also have Qrs(t) > ¢

for all ¢t € [0,17), and thus Dp{ = [)f% As a result,

(34 Bl D) 2 B [Pl ppcy0] =B | DR opcsa) -
Since almost surely

. monT T __ 7yon
Jm DEST pen<g—ey = DL,

by monotonicity of expectation and then the Monotone Convergence Theorem, we obtain that

lim inf B  [DE3] > lim E[DPRL, pon <] = EIDPR] = cp.

q—o0

Combining this inequality with (32), we obtain limg . E4 ) [Dpg] = cp and thus

lim E¢, o[V (SLs(1)) — V(Sus(0))] = A —c(1 —e™#) — cp = —1s.

q—o0

Lastly, to show (29), using independence, (32), and (33),

WA E(yn[(A — DP§ — D)%) < E[A®] + E[(DP8)?] + E[(DES)°] + 2E[DPRIE[ D]
q,7)€ESLS
=N A+ Fepte(l—e e ™ 4 (e(l —e ™)+ 22u(1 — e M),

O
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We now give an analogous result to the previous lemma for DA. As the proof is nearly the same,
some details have been omitted. As before, let DY 2 DY (0,3) and DY = D%fg(g, 1), give the
number of departures under policy DA in a single day (note that there is no one on shift during

[3,1) and no one off shift during [0,3) under DA).
LEMMA 2. We have

(35)  —ypa = Jim Equo)[V(Spa(1)) ~ V(Spa(0)] = ol B[V (Spa(1)) — V(Spa(0))]

Additionally, there exists a constant Cpa > 0 depending only on p such that

(36) ( s)ug En[(V(Spa(l)) — V(Spa(0)))?] < A + A+ Cpa(c® +c).
q,7)ESDA

PROOF. Again, for any initial state Spa(0) = (¢,0), V(Spa(1)) = V(Spa(17)) and V(Spa(3)) =
V(Spa(37)), as applying I at times 4 and 1 does not change the number of patients in system.

Thus for £ =1, 2,

(37) E(q0)[(V(Spa(1)) = V(Spa(0))] = Eqq) [(4 - DBy — DELY']

Let DDA = Pois(cp) and DDA < Bin(2¢,1 — e #/2) such that D}, Dl and A are independent.
As D, (0,t) for 0 < ¢ < % has the distribution of the departure process for an M (t)/M/2c¢ queue,

we can couple D% (0,47) with D) such that regardless of Spa (0),
(38) DY\ < Dy

For the off shift departures, as the patient length of stay is exponential and thus memoryless, each
of the Rpa(3) < 2c¢ patients in care will depart in the interval [3,1) with probability 1 — e #/2
independently of other patients. Thus D%fg < Bin(Rpa(3),1 — e #/?), so it can be coupled with

D"A such that
(39) Dft < Deff |
with equality when Rpa (3) = 2¢. From (38) and (39) we obtain that for any (¢, 0) € Spa,

A~ DP) — Dp) > A~ D) — DR},
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and thus by taking expectations

( inf  E(,[V(Spa(1)) = V(Spa(0))] = X — cp — 2c(1 — e /%) = —pa.
q,m7)ESDPA

As before, to complete showing the three term equality in (35), it suffices to show limg o0 E40)[V (Spa(1))—
V(Spa(0))] = —ypa. Given Qpa(0) = g, for any realization such that DR} < DIO)I}% < g—2c, we have
Qpa(t) > 2¢ for all t € [0,47), and thus Dy = D . Further, Qpa(3~) > 2c ensures Rpa (%) = 2¢
and thus DOng = ﬁ%fg. As a result,

E[Dp4] = E {D%r}xﬂ{b%‘zgq—zc}} =E [D%%H{Dgggq—zc}} )

EIDHA) = B | DRI pen <420y | = E [ DBAL pgn <y -2y -

We can apply the Monotone Convergence Theorem as before but now on both D]%rg]l{ Don<q—2¢}
and ﬁ%fg]l {Don<q—2c} 1O obtain the desired limit. The rest of the proof is exactly as in the previous

lemma. O
PROOF OF THEOREM 1.. Suppose pg < 1, i.e. 79 > 0. From (28) of Lemma 1, we obtain that
—s = lim B ) [V(Sus(1)) = V(Sus(0))]-

Similarly, from (35) of Lemma 2, we
~pa = Jim B[V (Spa(1) — V(Spa(0))]

Recall by (5) that for every (q,r) € SLs, when ¢ > ¢, we must have r = ¢, and by (10) for every

(¢,7) € Spa we have r = 0. Thus the sets

By = {(QJ“) € Sy

E (o [V (S(1)) — V(S(0))] > —79/2} ,

are finite. Observe that for both LS and DA, (24) is satisfied by (29) and (36), respectively. Applying
Proposition 2, taking B = By and v = 7y/2, we conclude that {Sy(k)} is positive recurrent.

Now suppose instead that pg > 1, i.e. 79 < 0. In the setting of Proposition 3, for both 6 we
take By = {(0,0)} and observe that (25) is trivially satisfied by taking y = (¢, r) for any nonzero
(g,7) € Sp. The condition in (26) is satisfied by (29) for LS and (36) for DA. Finally, (27) is satisfied
as by (28) and (35), we have

B [V(So(1) ~ V(Sy(0)] = 39 2 0
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Thus from Proposition 3 we conclude that {Sg(k)} is either null recurrent or transient.

It remains to show that {Syp(k)} is null recurrent when py = 1 and transient when py > 1. To
do so, we use another Lyapunov function argument, Theorem 3.2 from [26], (see also [14] section
3.6). However, as the statement of this theorem is rather technical, we defer this part of the proof
to Appendix A.8.

Finally, that ppa < prg follows from (13). O

REMARK 1. Note that as  — 0, (1 — e #/2)2 — 0, so by (13) we see that prs — ppa — 0 as
well. Intuitively, if patients take many days to recover, the amount of forced idle time due to not

being able to admit patients while off shift will be negligible. Conversely, when y is large,

A !
e+ ¢’ PDA cp+2¢

PLS =~

In this regime, nearly all patients recover in each off shift. When c is also large, we see DA has
a larger stability region, due to the off shifts for each team being shorter. While this regime isn’t
particularly relevant in the hospital setting, where p ~ 1/4, it exposes another interesting and

relevant parameter, namely the length of the time between shifts relative to the recovery rate p.

A.2. Uniform bounds for stationary performance measures. In this section, we consider
the sequence of systems under the fluid rescaling Sj(¢)/n with the assumption that pg < 1, and
give bounds on the expected stationary queue lengths that are independent of n. In the notation of
Proposition 2 and Proposition 3, again suppose {Xy} is a discrete time irreducible Markov chain
on a countable state space X C Z%. Further, suppose that {X}} is positive recurrent, and let X,
denote the unique steady state distribution. We now give a bound on the first moment of f(Xo)

for any function f. The bound is similar to results from [16, 17].

PROPOSITION 4. Suppose there exists a, 5,7 > 0, a bounded set B C X and a Lyapunov

function U: X — Ry where f: X — R is such that for x € X \ B,

(40) Ex[U(X1) = U(Xo)] < —7f(x),
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and for x € B,

(41) ) < a,
(42) Ex[U(X1) ~ U(Xy)] < B.
Then

B

E[f(Xoo)] <a+ ;

PrROOF. For every z > 0let U,: X — R4 and f,: X — R4 be given by

A

U.(x) 2 min{U(x), 2}, £(%) 2 £ Luo<a-

Trivially for all sufficiently large z, we have f,(x) = f(x) and U,(x) = U(x) for all x € B, so (41)
and (42) are satisfied by f, and U, for all large z. We claim that (40) is satisfied as well. Suppose

that x is such that U(x) > z. Then
Ex[U2(X1) = Ux(Xo)] = Ex[Ux(X1)] — 2 £ 0 = f2(x) = —7f2(x).
Alternatively, when x is such that U(x) < z, using that U,(x) < U(x) for all x,
Ex([U=(X1) = U=(Xo)] = Ex[U:(X1) — U(Xo)] < Ex[U(X1) = U(Xo)] < —7f(x) = —vf:(x).

Thus for all z and all x € X'\ B, Ex[U,(X;) — U.(Xo)] < —7f.(x) in analogy with (40). As for
all z, U, is bounded by construction, E[U,(X)] is finite. By stationarity and the finiteness of
E[U.(Xo0)],

0=E[Ex_ [U.(X1)— U, (Xp)]]

= Z P(Xoo = x)Ex[U(X1) — U.(Xo)] + Z P(Xoo = x)Ex[U(X1) — U.(Xo)]
xeB x¢B

< BP(Xoo € B) =7 Y P(Xoo = x) f2(x)
x¢B

< B = E[f2(Xoo)Ix . ¢B}];

or rearranging terms,

E[f:(Xoo)lix . ¢B}] <
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Thus

E[f.(Xoo)] = E[f:(Xoo) lix eB}] + E[f2(Xoo){x . ¢B}]

gocIED(XooeB)—i—é
Y
§oz~|—é.
Y

Now by Fatou’s lemma, as f,(Xs) — f(Xoo) almost surely as z — oo,

BIf (X)) = B [lim £2(Xo)] < liminf B[/ (Xo)] < -+ 2.

Z—00

giving the result. O

We need a property of sample paths of the M (t)/M/m queue. For every initial queue length
q € Z4, we create a separate queue length process with the same arrival and service rates on a
common probability space €. Let f: Z; x Ry x  — Z, map an initial queue length ¢, a time ¢,
and a realization w €  to the number of patients in the M (t)/M/m system length at time ¢. The
queues are coupled such that they share a single common Poisson process determining arrival times,
and a single independent common Poisson process determining potential departure times (which
only result in departures when there are patients in care). The relationship between the arrival
process, the potential departure process, and the actual departures is the same as the relationship

between A(0,t), Don(0,t) and Don(0,t) from Appendix A.1.

LEMMA 3. For every realization w € §2, every timet € Ry, and all initial queue lengths q,r € Z

such that g > r, f(-,t,w) satisfies

0< flgt,w) = frt,w) <g—r

Namely, f(-,t,w) is monotone increasing and 1-Lipschitz continuous with respect to the {1 norm in

the initial queue length.

ProoOF. Fix w, and consider ¢q,r € Z, ¢ > r. Let 7o = 0 and for ¢ = 1,2,..., let 7; be the time

of the ith event from our processes driving arrivals and departures. It suffices to prove that

(43) OS |f(Q7Ti)w)_f(TaTiaw)| Sq_rv
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for all 7;, as the queue length can only change at the times of these events. Trivially the claim holds

at 79. Suppose the claim holds until 7;. At time 7;41:

1. Suppose the event was an arrival. Then f(q,7i11,w) = 1 + f(¢,7,w) and f(r, 741, w) =

1+ f(r,7i,w), so
f(Q77—i+17w) - f(rv T’i+17w) = f(Q7Ti7w) - f("f’, Ti?”)ﬂ

thus (43) holds.
2. Suppose the event was a potential departure. By our inductive hypothesis, we must be in one

of the two cases below:

(a) f(q,7i,w) = f(r,7i,w). Then by our coupling, the system under initial condition ¢ and
under initial condition r must both either have an actual departure or have no departure
at 7;11. As the change in queue lengths will be the same, by the same reasoning as when

we have an arrival, we continue to satisfy (43).

(b) f(q,7i,w) > f(r,7i,w). Now either both systems have a departure, or only the system
with initial queue length ¢ has a departure (as it has more active servers), which with

the inductive hypothesis implies

f(Q7Ti+law) - f(T,Ti+1,W) S f(CL T’iaw) - f(T7Ti7w) S q—r.

When both systems experience an actual departure, f(q, 741, w)—f(r, Tit1,w) = f(q, 7, w)—
f(r,7i,w) > 0 where the inequality is by the inductive hypothesis. When only the system

under initial condition ¢ has a departure, we still have

f<Q7Ti+17w> - f(rvTi-l-law) = f<Q7Ti7w> -1- f(T',TZ',LU) > 07

where the inequality holds by initial assumption for this case. Thus (43) holds.

Next we establish a few properties of I', defined in (3).
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LEMMA 4. For all k > 0 and all (q,7),(¢,7') € R2, the operator T'(:; k) satisfies

(44) nl’ <(q7’:> : m> = T(q, 7;nr),

(45) IT(q, 5 5) = T(d", 7" w)ll1 < (g m) = (¢, 7)1

Namely, with respect to the €1 norm, I'(-; k) is 1-Lipschitz continuous. Further, each component of

I'(q,7; k) increases monotonically in both q and r.
PROOF. The first property, follows immediately by definition of I', as
+
nl ((q,r)m> =n (q A K, (g —/i) - T) = (q/\n/ﬁ,(q—n/@)+ —r) =T'(q,r;nkK).
n n n n

To show the second part, we find that

ID(q,m;6) =T(¢", s 6)lh = (g = r)" +r— (¢ —r)" =7 +1(gAEK) = (¢ AR

<lg=r)" =@ =R)"I+]r =7+ (arr) = (¢ Ar)l.

Without loss of generality, suppose ¢ > ¢'. Now by considering the exhaustive cases ¢ > k,
q >k > ¢, and k > ¢, the Lipschitz continuity follows trivially. The monotonicity property is

an immediate consequence of (3). O

COROLLARY 2. For 6 € {LS,DA}, fiz any s,S8 € Syp. Assume that the processes Sy(t) has
Sg(0) = s and let Sy(t) be a version of Sg(t) with instead Sg(0) = §. There is a coupling between

these processes such that for allt > 0,
IS0 () = Se(®)[l1 < lIs = s[1-
Moreover, s > & componentwise implies Sg(t) > Sg(t) componentwise for all t.

PRrROOF. It suffices to show the claim for all ¢ € (0, 1], as then the result follows by induction.
For § = LS, for all t € (0,1), Qus(t) and Qs(t) are M(t)/M/c queues with the same arrival and
service rates. Thus by Lemma 3, we obtain that Qpg(¢) is monotone increasing and 1-Lipschitz in
q. Likewise, Rys(t) and Ryg(t) are M(t)/M/c queues with arrival rate zero and the same service

rate, so again by Lemma 3, we obtain that Ryg(t) is monotone increasing and 1-Lipschitz in r. As
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QLs(t) does not depend on r and Rypg(t) does not depend on ¢, the claim holds for ¢ € (0,1). For

t=1,
HSLS(l) _ SLS(1)H1 - Hr(sLs(r);c) ~T(Ss(17)i0) |,

(46) < ||s1s(7) = 81517

(47) <ls—sl;,

where (46) follows from Lemma 4 and (47) follows from our analysis of the case t € (0,1). Mono-
tonicity follows as each component of Sp(1) is the composition of monotone increasing functions and
thus monotone increasing in every input, again by Lemma 4 and our analysis of the case t € (0, 1).

For 8 = DA, the proof is very similar. O
We also need a simple uniform bound on a sequence of Poisson random variables.

LEMMA 5. If Xng Pois(yn), then for all k > 2y(e—1) and alln =1,2,...,

P(X, > kn) < e *7/2,

ProoOF. We have
P(X,, > kn) < exp(—kn)E[exp(X,,)] = exp(—kn) exp(yn(e — 1)) < exp(—kn/2).

O

We now analyze our system in the fluid scaling. As before let A™ 2 A™(0,1), D{g" 2 DYY"(0,17),
poxr & ponno 47y, potn £ peffng 1=y and DULT £ DOV 1-). Using Lemma 5, we show

that when pg < 1, the convergence as g goes to infinity in Lemma 1 is uniform in n.

LEMMA 6. We have

= —7LS-

[V( rs(1) = V( ’ﬁs(O))}

lim sup E¢ ne) -

k—00 n>0

PRrROOF. From (31), we have that for all £ and n,

V(Sts(1) — V(SEs(0)] _ A — ot _ poftn
n — S(nk,nc) "

=A- C(l - e*,u) - E(nk,nc) |:
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where the second equality follows as A" < Pois(nA) and Dlog’n < Bin(ne,1 — e #) (see discussion
on,n

33)). As in (32) we have D" £ Pois nep) coupled with DP%" such that D™ > DO%™. Thus
LS LS LS LS

E[D{g"] < nep for all n and all k, so it suffices to show that

on,n
lim inf sup E(, nc) [ LS } > cl.
’ n

k—00 n>0

As in (34), we find that

. 1 . 1
lim inf sup —E(, 4 ne)[D7g"] > lim sup *E[Dggmﬂ{[)ig*”g(k—c)n}]'

k—oo pn>0 M k—ocop>0 N
Now
lim sup lE[EOH’H]I Fom,n ] —cu| = lim sup lI['Z[Don’”]l Hom,n — D"
k500 p>0 | LS H{Dpg"<(k—c)n} k=00 p>0 | LS H{Drg"<(k—c)n} LS

1 1 ron,n
= i sup CEIDES L oy o]

. 1
< lim sup —
k—=oo >0 1

\/ E[(Drg™)?E[, D> (h—c)n})

1
(48) < lim sup —/((nep)? + new) exp(—kn/2) exp(cn)
k—=oop>0 N

(49) = lim V((en)? + ep) exp(—k/2) exp(c)
=0.

Here (48) follows from Lemma 5, and (49) follows as when k, is large, the supremum is attained by

taking n = 1. O

LEMMA 7. We have

. V(SPHA(L1)) = V(SHA(O
i s B [VSBAC) = VSBO))
k—00 >0 n

The proof is very similar to previous lemma and omitted. We can give the uniform moment

bounds for Sy (c0).

LEMMA 8. For each policy 6 € {LS, DA}, when pg < 1, there ezists a constant My depending

on X, ¢ and p such that for every n > 0, E[V(Sy(c0))] < Mgn.
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PROOF. As py < 1, we have vy > 0. By Lemma 6, there exists krs such that for all k > krg and

all n,

BtV (ST5(1) — V(SE5(0)] < ~ 22,

For any ¢ > q¢,

0 < Eggn[V(Sts(1))] = E@n[V(Sis(1))] <7 —4q,

by the monotonicity and 1-Lipschitz of Corollary 2. Thus

Egn[V(Sts(1) = V(S{s(0)] — E¢gm[V(STs(1)) — V(STs(0))]
=E@gn[V(Sts(1)] —E@n[V(Sts(1)] +a—1q

<0.
As a result, we obtain that for every n, for all ¢ > krgn,

(50) 1E(q,nc)[v( fs(1) = V(Ss(0)] < 15,

n 2

We define kpa analogously using Lemma 7 and ypa. Let

_ 1
by 2 max{kg,7 (A2 4+ A + Co(c? +c))},
6

where Cy is as defined by (29) for LS and (36) for DA. Thus by Lemma 1 and Lemma 2, for all

s € Sy,

Es[(V(SF(1) = V(S5(0)))’] < (A")? + A" + Co((¢")? +¢")

=122\ 4 n + Cy(n2c + ne)
(51) < bg’ygn2.
We let
(52) By ={(q,7) € Sus | ¢ + 1 < 2nbp},
A
Ulg,r) = (g +7)%,
oy £ 2nby,
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and apply Proposition 4 for each n, using U as our Lyapunov function and f(q,r) = ¢+ r. We

observe that (41) holds trivially. For (¢,r) € Sj we have

E (g [U(S5(1) = U(SF(0))] = Egn(q + 7 + A" — DJ™" — DY) — (g + 1)?
=2(q +1)E(, A" — D" — D™
+ B, |(A" = DI — Dgﬁ’”)Q]
=2(q+1)E(4n[V(S§(1)) — V(S5(0))]
+Egn[(V(S5(1) = V(S5(0)))%]

(53) < 2(q+1)Eq,n[V(SF(1)) = V(SF(0))] + n*yebo,
where (53) is a consequence of (51). Now, for (¢,r) € By, using (52) with (53), we see that

2(q +1)E(gn [V (S5(1)) = V(S5(0))] + nygbs < dnbpE(y[A™(0,17)] + n’yoby

< n?bp(4\ + 7p)

= fy,
showing that (42) holds. Finally, for s € Sy \ By,
(54) By [U(SHD) — USHO))] < 2q +1)Eqn[VSHL) — V(SH0))] +n by
(55) < —yn(qg+71) + n%~pbp
(56) < —%n(q +7r)— %n@nbg) + n2vbp
= _% (q7 7’),

where (54) follows from (53), (55) follows as s € Sy \ By so we can apply (50), and (56) follows as
s € Sy \ By ensures q +r > 2nbg. This shows that (40) is satisfied for each n. Thus for every n we

can apply Proposition 4 to obtain that

E[f(S"(c0))] < a” + f — 0 (2bp (4779 + 1)),

showing the result. O

A.3. Fluid model approximations. Proof of Theorem 2. In this section, we establish

Theorem 2. First, we introduce the following additional notation to be used throughout the section.
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Let u} be the time of the ith shift change under policy 6, i.e. for i = 0,1,2,..., ulg 2 and
ubp 2 i/2. Let c}y be the number of residents on shift during [u;, ui11), i.e. ¢} g £ cfori= 0,1,2,...,
chA £ 9¢ for even 1, and CEA a 0 for odd 1.

To prove the result, we will invoke a theorem from [30] that shows the convergence of multidimen-
sional Markovian queueing processes to its fluid limit under the so called “uniform acceleration.”
Consider a Markov process X(t) on state space Z' with transition rates that depend both on the
current state and the time. The process X(t) is driven by a finite set of independent rate one exoge-
nous Poison process E;(t), i = 1,..., k. The events from these processes trigger a “jump” v; € Z™
in X(t). For each process i, there is a rate function o;(x,t): R x Ry — Ry that depends both on
the state x and the time ¢. Assume that for each i and ¢ € Ry, a;(-, %) is y;-Lipschitz in x where ;

does not depend on ¢. We define X(¢) by

X(t) £ X(0) + zk;vE (/Ot o (X (1), T)d7> ,

In Theorem 9.2 from [30], it is shown that this procedure uniquely defines the process X(t). Next,

we consider a deterministic process x(¢) on R defined by

k t
éX V; o\ X(T), T)ar.
() 2x(0)+ /0 (x(7), 7)d

Again the existence and uniqueness of such an x(t) is shown in Theorem 11.4 from [30]. To approx-

imate X (t) by x(¢), we consider a sequence of processes X"(t), n = 1,2,..., defined by

X" (t) 2 X"(0) + ZVE <n /Ot a; <XT;(T)T> dr) ,

i.e. X1(t) is the original process. A special case of their result is as follows.

PROPOSITION 5 ([30], Theorem 2.2). If X"(0)/n — x(0) a.s., then

a.s. and u.o.c.

We now return to our model. On the intervals [u), uéﬂ) between shift changes, our processes Sy(t)

and sy(t) are of the form of X(¢) and x(¢) from the theorem. Specifically, we can take vi = (1,0)
38



and a1((q,7),t) = A(uh +t) so that the arrival process A(uj,uf +t) = Ei(t) for t € [uh,uj].
Similarly, we take vo = (—1,0) and

.

(cAq)u 0=1L1S,
A i
az((q,7),t) = (ch ANq)u = (2¢ A q)p 6 =DA, i even,

0 0 = DA, i odd,

\
then D°"(u},t) = Ea(t) for t € [uf,ujy"]. Finally, we take vz = (0,—1) and as((g,7),t) 2 T SO
that D°T(u}),t) = Es(t) for t € [u}, uéﬂ]. We satisfy the Lipschitz condition on «;(+,t) as a; does
not depend on the state and both ay and ag are p-Lipschitz in (g, 7) independent of ¢.

Thus the proposition immediately yields that if S§(u))/n — sg(u}) a.s., then SP(t)/n — sp(t)
u.o.c. From this point, the primary difficulty in proving Theorem 2 is showing that Sg(¢) jumping at

each shift change does not ruin the convergence. We can now prove the main result of the section.

PROOF OF THEOREM 2.. For each policy 6 € {LS,DA}, we will show by induction on i that
S2(t)/n — sp(t) a.s. and uniformly on [0,u}]. The case of i = 0 holds by the assumption of the
theorem.

Suppose the claim holds for 7. We notice that

S§(7)

sup —sp(7)|| =
OSTSué"Ll n 1
St (r St (r Sy (uptt ;
max sup 9( ) — Sg(T) , sup ﬁ - 56<T) ) M - 56’<uz.9+1) :
ongu};, 1 ué§T<ué+l n 1 1

By the definitions of ué and cé, it follows immediately that when applying I' for the shift change
at time w41, we use I'(:;c}). Recalling that S§ and sy are a.s. RCLL, and applying (44) and then

(45) from Lemma 4,

Sp(up )

—so(uy™)| = S Doy )i )
1 1
n uiJrl - . . .
- r(SH“fL ) );cz> T (so( () ch)
1

IN




For 7 € [u}), uffl}, we let S7(¢) and Sy (¢) be the continuous extension of S (t) and sg(t), respectively,

from [uf, ujtt) to [uf, uf™], ie.,

A Sy () T< ué“, ) A so(T) T< uéﬂ,
Sg (1) = A | So(7) 2 | A
Sp((f™)) T =ut, so((Wit)) 7= i,
Thus we obtain that
Sup o) _ so(r)|| =maxq sup |2 ) _ so(T)|| , sup 0(7) _ so(T)|| ¢ -
0§T§u§+1 n 1 0§T§ué 1 u’éS‘rgu?l n 1

By induction, the first term in the above maximum goes to zero a.s. and in particular Sj(uj)/n —
se(ug) a.s. By Proposition 5, the second term converges to zero a.s. as well, as previously discussed.

O]

REMARK 2. The result from [30] is actually stronger than what we suggested. It implies that
a.s. and w.o.c., as n — o0, [|Sy(t)/n —sg(t)||i < O(logn). This can be generalized to our case

inductively in the same manner, but we do not pursue this further.

A.4. Long run behavior of the fluid model. In this section, for each policy § € {LS, DA},
we show that the fluid limit at integer times {sy(k)}, which is a deterministic discrete time dynamical
system, has a simple long run behavior. To show this, we need to recall definitions from Section 2.
For a set X C R", X # (), a function f: X — X, and an initial condition xg € X, let x;, k € Z,
be defined by f(x;) = xj+1. Recall from Section 2 that a point x* € X is attractive if for every
X € X, limg_, o X = x*. As previously mentioned, such an x* must be unique. Further, when f is
continuous on X, it immediately follows that f(x*) = x*, i.e. x* is a fized point of f. First, we give

a known (e.g. [6] page 183) criterion for identifying attractive points.

PROPOSITION 6. Suppose X is nonempty and compact, £: X — X is continuous on X, and for

every X,y € X,

1£(x) = £y < Ix = yllp,
for some p > 1. Then there exists a unique attractive point x* € X.
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We now give a sufficient condition to ensure that in finite time {x;} will reach a bounded set,

such as the compact set in the previous theorem.

ProPOSITION 7. If there is a function V: X — Ry, v > 0 and B C X such that for all

x € X\ B,

V(X)) - V(x) < —,

then for all xg € X \ B, there exists m < [V (xg)/v] such that x,, € B.

PROOF. Let n = [V(x¢)/v] + 1 and assume for contradiction that xo,...,x, are all not in B.

Then

n

V(xn) = Vi(xo) + Y _V(xp) = V(xp_1) < V(x0) —n7y <0,
k=1

contradicting the non-negativity of V. O

Finally, we give a criteria for instability.

PROPOSITION 8.  Suppose V: X — R is a continuous function such that sup{V (x) | x € X'} =

oo, and for allx € X,
V(f(x)) —V(x) > 0.
Then an attractive point does not exist.

PROOF. Assume for contradiction there were an attractive point x*. Let xg € X be such that
V(x0) > V(x*). Such a point exists as have assumed that the supremum of V' is infinite. However,

as X" is attractive and V' is continuous,

n—oo n—oo

V(x*) = lim V(x,) = V(x0) + lim ZV(Xk> — V(xk-1) > V(x0),
k=1
contradicting V'(xg) > V(x*). O

We now consider the differential equation that controls the evolution of the state for the fluid

model.
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LEMMA 9. Given parameters (v, m,pu, z(0)) € R, the differential equation

(57) B(t) =~ = (z(t) Am)p,

has a unique solution. The solution x(t) is monotone in t and satisfies x(t) > 0 for all t > 0.
Further, if g: Ry — Ry is defined by g(x(0)) = x(3), then g is strictly increasing and 1-Lipschitz.

Finally, if we let

m v > mp,

R
1>

m—(y—mp)/2 v <mpu,
then x(0) > & implies that:
(a) 2(t) > m fort € 0,3),

(b) 2(3) = z(0) + (v — mp)/2,
(c) For all y > z(0), g(y) — g9(z(0)) = y — x(0).

On the other hand, if ©(0) < Z, then each of (a), (b) and (c) above are violated. In particular,

(a’) There exists s € [0,%) such that z(s) < m,
(b)) z(3) > z(0) + (y —mpu)/2,
(¢’) For ally > x(0), g(y) — 9(=(0)) <y —x(0).

The proof is rather lengthy but no difficult, so it is deferred to Appendix A.7. We now use this to
analyze the fluid limits of LS and DA. Let g{4(q) and g#¢(¢) be the function g from Lemma 9 when

the parameters (A1, ¢, i1, q) and (A2, ¢, 1, q) are used, respectively. Let frg: Trs — Trs be given by

(58) fis(q,7) 2 T(gfs(gts(a), re " 0).

Similarly, let gpa(¢q) be the function from Lemma 9 using parameters (A1, 2¢, p1, q), and let

(59) hpa(q,7) 2 D(gpalg), 0 20),
(60) da(0:r) 2T (g4 v #/%0)
(61) fpa(s) £ h2(h!(s)).

We now prove Proposition 1.
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PROOF OF PROPOSITION 1.. To prove existence and uniqueness of sy(t), it suffices to show that
for every k € Z,, sp(t) exists and is uniquely defined for all 0 < t < k. For & = 0, we are given

sp(0) in the statement of the proposition. Suppose the claim holds for k. We now consider cases on

6.

LS - By induction spg(k) is uniquely defined. As grg(t) solves the differential equation on [k, k+%)
as used to define g{4(q) with initial condition grs(k), and likewise solves the differential
equation on [k + 4,1) used to define g?4(q) with initial condition g g(k + %), we obtain by
Lemma 9 that grs(¢) is uniquely determined on [k, k + 1). As 71g(t) = —prrs(t) and by
induction rpg(k) is uniquely defined, we obtain that for ¢t € [k, k 4 1), 7(t) = r(k)e *E=F),
uniquely defining sp,g(t) on that interval as well. Thus we immediately obtain that for every
sts(k) € Tis,

sps(k + 1) = frs(sis(k)),
showing the hypothesis.
DA — The argument is similar. Briefly, for all spa (k) € Tpa,
spA(k-+3) = b (3pa (1),
spa(k+ 1) = h%(spa(k +3)),
spa(k + 1) = fpa(spa(k)),
and at intermediate times in t € (k,k+4%) and t € (k+4%,k+ 1), spa(t) is the unique solution

to a linear ODE either with constant coefficients or of the type from Lemma 9.
Finally, we must show that sg(k) € Tp, k£ > 1. For LS, we must show that rg(k) < ¢ implies
qrs(k) < c. By definition
(qrs(k™) —c+ris(k™),0) qus(k™) > ¢,

(res(k7), qus(k7)) as(k™) < c

Suppose rs(k) < c. Note that rg(k) < c only in the second case. As qrg(k) = rig(k™) <

sus(k) = T(sus(k™);c) =

ris(k — 1) < ¢, we obtain that grg(k) < ¢, showing the claim. For DA, must simply show that
rpa (k) = 0, which holds as

rpa(k) = T(spa(k7);0) = (q(k™) +r(k7),0).
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Next we give some simple structural properties of the functions gis and fy that will be needed

in the analysis of the long run behavior of the fluid limits.

LEMMA 10. There exists a unique Grs such that when qrs(0) > qus,

(a) qus(t) > c fort € 0,1),
(b) qus(17) = qus(0) + A — cp,

(c) For q > qus(0), 9is(915(2) — gis(91s(aus(0))) = ¢ — qus(0).
and when qrs(0) < qus, (a), (b) and (c¢) are violated. In particular,

(a’) There exists s € [0,1) such that qrs(s) < c,
(0) qus(17) > qus(0) + A — cp,

(¢’) For q> qus(0), gis(915(7) — 975(91s(qus(0))) < ¢ — qrs(0).

PrROOF. For ¢ = 1,2, let (jis be Z from Lemma 9 when used to create gis. It is easy to see
that properties (a), (b) and (c) will hold when for all ¢ = 1,2, properties (a), (b) and (c) from the
application Lemma 9 to create ¢¢ ¢ hold, i.e. we have both g s(0) > Gig and qrs(3) > G2

Similarly, it is easy to see that properties (a’), (b’) and (c’) will hold if there exists i € {1,2}
such that that properties (a’), (b’) and (c¢’) from the application of Lemma 9 to create gi 4 hold,
i.e. if either qL5(0) < Gig or qrs(3) < s

As qis(3) = gi5(qrs(0)) and by Lemma 4 g{g is strictly increasing, there is a threshold ¢* such
that qr.s(3) > ¢fg iff qr.s(0) > ¢*. Thus by taking grs = max{q*, ¢4}, we will have both q5(0) > g

and qrs(3) > q}%s iff qr.s(0) > grs. This gives the result. O

LEMMA 11. For 0 € {LS,DA}, fy is 1-Lipschitz with respect to the {1 norm and both outputs

of the function fy are monotonically increasing in both inputs.

Proor. For LS, the functions gis and gﬁs are monotonically increasing and 1-Lipschitz by
Lemma 9. Similarly re™# as a function of r is increasing and 1-Lipschitz, and by Lemma 4, I'(+; ¢)

is 1-Lipschitz and each component is monotonically increasing in every input. Thus frg(q,r) is
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a composition of monotone increasing 1-Lipschitz functions and thus monotone increasing and
1-Lipschitz.

The argument is similar for DA. The functions gpa, ¢ + \2/2 as a function of g, re M2 as a
function of r, I'(+; 2¢) and I'(+; 0) are all 1-Lipschitz and monotonically increasing in every input (by
Lemma 9 for gps and by Lemma 4 for I'(+,2¢) and I'(+,0)). Therefore fpa(g,7) is a composition of

1-Lipschitz monotone increasing functions and thus 1-Lipschitz and monotone increasing. O

We can now analyze the long run behavior of the fluid limits. First we will show that when
po < 1, fy restricted to some Ty C Ty has an attractive fixed point using contractive mapping
(Proposition 6). Then we will use a Lyapunov function argument to show that the attractive point
over Ty is in fact attractive over all of Ty (Proposition 7). Finally, we will use another Lyapunov

function argument to show that fp has no attractive points when py > 1 (Proposition 8).
PROPOSITION 9.  The process {sg(k)} has a unique attractive fized point iff pg < 1.

PROOF. Assume prs < 1. Recall grs from Lemma 10, and let gpa be Z from Lemma 9 as applied

to create gpa. Let

(62) Ty 2 T\ {(a,7) | ¢ > o).

We now check the assumptions of Proposition 6 are satisfied by fy restricted to Ty. We can imme-
diately verify by definition that fy is the composition of continuous functions and thus continuous
(recall that gig, gig, and gpa are continuous by Lemma 9 and I'(-, x) is continuous for all x by
Lemma 4). Noting that s > ¢ by part (a) of Lemma 10, we see that Ty, = [0, ¢] x [0,c] U {(q,¢) |
0 < ¢ < grs} and thus it is a nonempty compact set. Likewise Tpa = {(¢,0) | 0 < ¢ < Ggpa } where
by Lemma 9 we see that gpa > 2c¢, thus Tpa is a nonempty compact set as well. We still need to
check that fy: Ty — Ty and that fy is contractive on Tp.

To show frg: T1.s — T1Ls, we have that for any (q,r) € Tig,

(63) fis(g,m) < frs(dus; ¢)

(64) =T (qus + A — cp, ce 5 ¢)
(65) = (s +A—cp—c+ce )
(66) < (qus, 0),
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where the inequalities are componentwise. Here (63) holds by Lemma 11. We obtain (64) by Lemma
10 part (b). Then (65) holds as we have grs+A—cu = qus(17) > ¢ by part (a) of Lemma 10. Finally
(66) holds as prg < 1 implies A — cpu — ¢+ ce ™ = —y1,g < 0. Thus we obtain that fr,g: T1s — Tis.

To show fpa: Tpa — Tpa, we first compute that

_ . A
(67) hi(Gpa,0) =T (C_IDA + ?1 — cp, 0; 20)
_ A1
(68) = QDA‘F?—CM—QC,QC .

Here (67) follows from part (b) of Lemma 9 on gpa, and (68) follows from part (a) of the lemma.
Thus for all (¢,0) € Tpa,

(69) fpA(g,0) < fpa(dpa,0)
A
= hy <q+ 51 —c,u—20,2c>
A A
=T ((]—1-21 —cp—2c+ 22,266_”/2;())

= (j—{—)\—C/,L—QC—l-QCe_“/Q,O)

(70)

IN

(gDA7 O) .
where (69) holds by the monotonicity of fpa and (70) holds as ppa < 1. Again the inequalities are
componentwise. Thus we obtain that fpa: Tpa — TDa.-
We show that fig is contractive on T1g with respect to the || - || norm. Consider (q,7), (¢/,r') €
Tis, such that (q,r) # (¢',7"). If ¢ # ¢/, then by part (¢’) of Lemma 10
(71) l97s(91s(0) — 9is(9is(d)] < lg = |-
Similarly, when r # r/, then
(72) re M —rle M < |r —7'|.

Thus we obtain that

Ifus(q, ) — fs(d', )|l = T (9ts(g1s(a)), re 5 ¢) — T(gis(9is(d)), e "5 0)|lx
(73) < lgts(9is(@) — gis(gis(d))| + Ire " —r'e™#|
(74) <lg—=d|+r—7|

= ll(a.7) = (¢, 7).
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Here (73) holds by Lemma 4 and (74) follows from (71) if ¢ # ¢ and from (72) if r # /.

Showing that fpa is contractive on Tpa with respect to the | - |1 norm is very similar to the LS
case. Briefly, we observe that when ¢ < ¢pa, that h]1D A s strictly contractive by (c¢’) of Lemma 9.
It is easy to see that h% A is non-expansive for all (¢,r) € ]Ri. Thus fpa on Tpa is the composition
of a contractive function and a non-expansive function and hence contractive.

Thus the assumptions of Proposition 6 are satisfied by fy on Ty when pg < 1. This implies that
once sy (k) enters Ty it will converge to a unique fixed point. For the case py < 1, it remains to show
that for sg(0) & Ty, we reach Ty in finite time.

To this end, we apply Proposition 7 using the Lyapunov function V(g,r) 2 q + r, the set of
exceptions as Ty, and 7 to be vy (we have 79 > 0 as py < 1). We now show that the drift condition

is satisfied. For LS, (q,r) & TLs implies ¢ > gr.s > ¢, thus we must have r = ¢. Thus,

V(fus(g. 0) — V(g,c) = V(T(gs(gis(a)), ce *;¢)) — (¢ +¢)

(75) = gts(gis(@) +ce ™ = (g+¢)
(76) =q+A—cu+ce " —(qg+c)
= —7LS-

Here (75) follows from the same argument justifying (30), and (76) follows from part (b) of Lemma
10. For DA (q,0) ¢ Tpa implies ¢ > gpa. We obtain

A
hl((LO) = <Q+21 —CM—2672C> 9

just as we justified (67) and (68). Thus for such g,

V(fpa(q,0)) =V (q,0) =V <h2 <q + % —cp — 2c, 20)) —q

=V(T(q+ X —cp — 2¢,2ce M2;0)) — ¢
= —YDA-
Thus the assumptions of Proposition 7 are satisfied, establishing the claim in the case when pg < 1.

Finally, we show that {sg(k)} has no attractive point when py > 1 by applying Proposition 8.

We again take V' (q,r) = g + r, and immediately verify that it is continuous and unbounded on 7p.
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For LS, we compute that for any spg(0),

(77) V(sLs(1)) — V(srs(0)) = qus(17) — qrs(0) + rs(17) — r1s(0)
(78) = [ 20~ nlans0) A it~ roa( @)1 )
0
(79) >A—cpu—c(l—et)
= —7LS
(80) >0,

where (77) follows similarly to (30), (78) follows from the definition of ¢rs(t), (79) follows as
rs(0) < c and grs(t) A e < ¢, and finally (80) follows as prs < 1. For DA, we compute that for any

spa (0) that

(81) V(spa(1)) = V(spa(0)) = goa(17) — qpa(0) + rpa(17)

A _
= 22 4 gpa3) — qoa(0) + rpa(B)e /2

2
=22 4 gpa®) +roa®) — a0A(0) ~ roA®)(1 — e #?)
(82) > 22 1 gpa(®) + roa®) — apa(0) — 2e(1 — e )
(53) =22 4 gpa (87) — apa(0) — 2e(1 — #12)
(84) = % + /0 A = p(gpa(t) A 20)dt — 2c(1 — e #/?)

> A —/ epdt — 2¢(1 — e H/?)
0

= —DA

(85) >0,

where (81) follows similarly to (30), (82) follows as rpa(3) < 2¢, (83) follows as by I', ¢pa (3~ ) +
rpa(3™Y) = gpa(3), (84) follows from the definition of gpa(t), and finally (85) holds as ppa > 1.
Thus we see by Proposition 8 that pg > 1 implies that {syp(k)} has no attractive point, completing

the proof of Proposition 9. O

Finally, we give a result providing a uniform bound on the distance moved towards the fixed

point in each iteration of the fluid model. This result will be useful in the proof of Theorem 3. Let
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Vg: To — R4 be given by

(86) Vo(s) £ |Is — sg(00)]l1-

COROLLARY 3. For each 6 € {LS,DA}, when py < 1, for every z > 0, there exists v > 0 such

that

inf Vo(£a(s)) — Vo(s) < —~.
SE€T\ B (sp(00)) o(fo(s)) p(s) < —v

PROOF. Recall from in the proof of Proposition 9 that for each 6, we defined sets Ty such that
that fp is contractive on Ty and for all s € Ty \ Tp,

V(fy(s)) = V(s) = = < 0.
Suppose s = (q,7) & Tp. Trivially s > sy(c0) componentwise as sp(c0) € Ty. By Lemma 11, as
s > sg(oc0) componentwise, we have fy(s) > fy(sp(c0)) = sp(c0) componentwise as well. Thus for
s & Ty, letting (¢, ") = fy(s),
Vo(fo(s)) — Va(s) = [Ifa(s) —sa(o0)llr — ls = sa(20) 1

=q — gp(00) + 1" —19(00) — (¢ — go(00) + 1 — 19(00))

= V(fy(s)) = V(s)

< —%:-

For all s € Ty, s # sg(0), as fy is contractive on Ty, we have

Vo(fo(s)) = lIfo(s) —sa(o0) ]l
= [Ifa(s) — fa(sp(c0))llx
< |Is = sp(c0) |l
= Vp(s).
Thus for s € Ty, Vy(fy(s)) — Va(s) < 0, holding with equality only when s = sy(oc0). Fix 2z from the
statement of the Lemma. As Vy(fy(s)) — Vp(s) is a composition of continuous functions and thus

continuous and as Ty is compact (as shown in the proof of Proposition 9), we have that given our

z there exists € > 0 such that

inf Vo(fp(s)) — Vu(s) < —e.
s€Tp\ B (sg(0) 9( 0( )) 9( )_
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Thus by taking v = min{e, vy}, we obtain the result. O

A.5. Interchange of Limits. Proof of Theorem 3. In this section, we prove Theorem 3,
showing that the rescaled steady state distributions Sj(co)/n converge in probability to the fixed
point sp(00) of the fluid limit at integer times.

Recall that a set of random vectors {X,,} is defined to be tight if for every e there exists k such
that for every n, P(||X,|1 > k) < e. As a direct consequence of Lemma 8 and Markov’s inequality,

we obtain:

COROLLARY 4.  For each policy § € {LS, DA}, when pg < 1, the set of random vectors {Sy(o0)/n}

18 tight.

By Prokhorov’s theorem, this implies that {X,,} is relatively compact. That is, for every subse-
quence X,,, there exists a random vector X and a subsubsequence X, such that X, = X (see
[5]). Thus for every subsequence n; there is a subsubsequence n;; and a random vector Sy such that

as j — o0

Thus to show Theorem 3, it is sufficient to show that for every sequence n;, the resulting Sg equals
sp(00) with probability one, as convergence in distribution to a constant implies convergence in

probability.

PROOF OF THEOREM 3.. First, we claim that for § € {L.S, DA},

g,) <

(87) f5(Se) = Se,

where fr,g and fpa are defined by (58) and (61), respectively. By Proposition 11.3.2 from [11], we

can equivalently check that the Lévy-Prokhorov distance between these variables is zero, i.e. that

for all g: Tp — R such that ||g||pr, < 1, we have

E[g(fs(Se)) — 9(Se)] = 0.

Here, we use the three term estimate as devised by [13], Chapter 4, Theorem 9.10, in a similar

continuous time interchange of limits argument. See [36] for similar but less terse argument. Assume
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Il

for every n that Sj(0) =Sy (o). Now for every n, we have

Elg(6(Se) - S| < |E [a(6(S0) — g (fo (SW ) ] ‘
+ |E :g (fe <Sg(0)>
+lefo () g (s))]

As fy and ¢ are continuous and g is bounded, g o fy is a bounded continuous function. For the first

term, Sg(())/ni S7(c0)/n = Sy, so we can apply the Continuous Mapping Theorem and then the
Bounded Convergence Theorem to obtain that E[g (f5 (S7(0)/n))] — E[g(fs(Se))] as n — oo along
ni;. By stationarity Sg(1)/n 4 Sy (0)/n 4 Sy (00)/n, implying that the third term converges to zero
along n;; by a similar argument.

Finally we bound the second term. Let hg: Ty — R and hy: Ty — R be given by
sy A S7(1
hg(s) = Ejns) [9 (9( ))} ,
n
A
ho(s) = g(fo(s)),
so that

o [elo(0(52)) o (5P I= ol (557) - 521

We need some properties of hy and h to make an estimate. First, we claim that for all s, hy(s) —
he(s) as n — oco. As a consequence of Theorem 2, we have that for every s € Ty, if Sj(0) = [ns] so
that S;(0)/n — s a.s., then S (1)/n — fy(s) a.s. as well. By the continuity of g, it follows from that
g(Sy(1)/n) — g(fy(s)) a.s. as well. Noting that g(S;(1)/n) is bounded, we can apply the Bounded

Convergence Theorem to obtain that for s € Ty,

(89) lim hg(s) = ho(s).

n—oo

We can now bound (88) with a coupling argument. By the Skorokhod Representation Theorem, let

Q be a common probability space for {SP(0)} and Sy such that for w € €2, SP(0,w) — Sp(w) a.s.
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Now we have

hg <W> — hg (Se(w))

n

+[ho (So(w)) — hiy (So(w))|
B (So(w)) — (Sg(O,w)> .

We claim each of these terms converges to zero a.s. The first term converges to zero as hg is a

continuous function and S§(0,w)/n — Sp(w) a.s. The second term converges to zero by (89). Let
Sp(t) be another version of the process Sj(t) with the initial condition SJ(0) = [nSg| that is

coupled to Sj(t) as in Corollary 2. Then

S5(0) = [nSe(w)], S5(0) = SZ(va)] ‘

(50) < 9oL 0 — 300,09
< llgllee <‘ So(w) — Sg(g’w) 1 + ;) ’

showing that the third term converges to zero a.s. as well. Here (90) follows from Corollary 2.
Finally, as hy and hg are bounded by one, the Bounded Convergence Theorem implies that the
right hand side of (88) converges to zero. Thus we have shown (87).

Now we show that Sy = sg(c0) a.s. We assume the conclusion is false to show a contradiction.

By assumption, there exists some 8§y # sp(00) and € > 0 such that sp(c0) & B:(Sp) and
P(Sp € B:(39)) > 0.

Let N be such that

(91) P(ISollL > N) < P(Sg € B-(89))-

Let z = || — sgp(00)||1 — € and let Z = B,(sp(00)) be the largest ball around syp(oo) disjoint from
B:(8¢). We now use Vj from (86), and let

A .
—d = inf Vy(f(s)) — Vo(s).
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Note that d > 0 by Corollary 3. Let n € Z, be such that

nd > sup Vp(s),
lIsll <N

(the supremum is bounded as {s € Ty|||s|[1 < N} is compact and Vjp is continuous). Let fe(m) be the

function fy composed with itself m times. We now claim that for all s € Ty,
(92) £(")(s) ¢ Z implies that ||s||; > N.

We show the contrapositive using Proposition 7. We take our bounded set of exceptions as Z, use
the Lyapunov function Vj, and drift —d. The drift condition is satisfied as d > 0. Thus ||s|; < N
implies that there exists m with 0 < m < n such that fe(m) (s) € Z. Notice that Corollary 3 implies
that fg(Z) C Z. Thus [|s||1 < N in fact implies that f(gn) (s) € Z, showing (92).

Thus we have the inequalities

(93) P(|[Soll1 > N) < P(Sy € B.(5))
(94) = P(£y"”)(Sy) € B=(%0))
(95) < P(£y"(Sy) ¢ 2)
(96) <P(|Slls > N,

where (93) follows from (91), (94) follows from (87), (95) follows as Z and B.(Sy) are disjoint, and
(96) follows from (92). Thus we have obtained a contradiction, which shows that Sy equals sg(oc)

with probability one. This completes the proof. O

A.6. Convergence of reassignments in the fluid limit. Before proving Corollary 1, we

need a simple monotonicity result for the fluid limit gg(t).

LEMMA 12. Under the assumptions of Corollary 1, for 6 € {LS,DA}, qg(t) is monotone on
[0,%) and [5,1). Further, for any t* € [0,1] such that qus(t*) = ¢, (resp. t* € [0,%) such that
gpA(t*) = 2¢), qo(t) is strictly monotone in a neighborhood of t*. Consequently, there exists ey such

that for every e < eq there exists § such that |qg(t) — qo(t*)| < 0 implies |t — t¥| < e.

PrOOF. The monotonicity on [0,3) and [3, 1) follows as on each such interval, go(¢) is the solution

to the differential equation of the type from Lemma 9. For LS, for any ¢* such that qrs(t*) = c,
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we have ¢rs(t*) = A(t*) — cu. As we have assumed that A, A2 # cu, we have that ¢rs(t*) # 0.
Noting that qr.g(t) is continuously differentiable, it follows that grs(t) is strictly monotone. A similar

argument applies for DA. O

Finally, we show the convergence of the number reassignments (the number of patients forced to

wait per day), completing the commutative diagram in Figure 3.

PROOF OF COROLLARY 1.. We first show that Wﬁén(oo)/n — wig(oo) in probability. Noting
that the limit is a constant, it sufficient to show convergence in distribution. By Proposition 11.3.3

from [11], Wﬁsn(oo)/n = wi4(c0) iff for all g: Ry — R such that ||g||pr, < 1, we have

1,n
lim E [g (WLS (Oo)>
n—00 n

For each n we take each S}¢(0) 4 S{g(00). Using Theorem 3 and the Skorokhod Representation

= g(wig(c0)).

Theorem, we put the S{'q(0) on a common probability space such that Sf'q(0)/n — sps(00) a.s. We
use this process to generate the Wﬁ’sn(oo) and wig(co) all on a common probability space.

It follows from Lemma 12 that there can be at most one time t* € [0,4) such that ¢ s(t*) = ¢, and
that ¢r,s(f) must be strictly monotone at t*. Let €9 be from the lemma and fix some ¢ € (0,¢p). Let
d be from Lemma 12 such that |¢rs(t) —qrs(t*)| < J implies |t —t*| < e. Recall from Theorem 2 that
when S{'5(0)/n — s1s(0) a.s., then supg<,<3 [|STg(t)/n —sLs(t)[[1 — 0 a.s. As [QFg(t)/n—qus(t)] <
STs(t)/n — sLs(t)][1, we also have supg<;<3 [QT5(t)/n — qus(t)| — 0 a.s. As a result, we also have
convergence in probability. In particular, for our d,

Q"(t)

n

q(t)‘ > 5) = 0.

lim P | sup
neo s \0<i<y
Let Ef be the event

2l _q@)' . g}

A
E§ =4 sup
0<t<}
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i.e. lim, o P(EY) = 0 for all §. Let Eg‘ denote the complement of this event. We have that

1In 00 1n 00
E g<WSn”>] ~ gluls(o0)| < E[g (VVLSn”)—g(luis(oo)) 5 || BEp)
1n 00 B B
+ B g<WSn”) ~ gluts(oc)) | B || P(ED)
1n 00 B
(07) < 2 gl P(ED) + gl | [P0 ool | B2

where in (97), we are using both that g is bounded by ||g||pr. and has Lipschitz constant at most

llgl|BL- Letting n — oo, we see the first term go to zero. For the second term, we consider two cases:

1. Suppose that inficiy)[qus(t) — ¢| = v > 0. We can assume without loss of generality that
d < 7, as we can always take § smaller without interfering in the convergence of our first term,
and doing so will only increase the proposed infimum. As § < -, we ensure that conditional

on E, for every time ¢ € [0,3) that

(98) A5 > faustr) - of - |25 quu)‘
(99) = |qus(t) ‘ QLs Ls(t) ’
> /2,

where (98) is the reverse triangle inequality and (99) follows by our choice of §. We have two

further cases:
(a) If grs(t) < ¢ and thus Qus(t)/n < c for all ¢, then both Wﬁsn(oo) and wjg(occo) will be
zero, so we will have that (97) converges to zero as n — oo.
(b) Similarly, if grg(¢) > ¢ and thus Qus(t)/n > c for all ¢, then WE’Sn(oo) = A"(0,%) and
wig(00) = A1/2. Thus

W (o0) . 1 [ (o0)
E || =50 - wis<oo>‘ B| =5 ® L5 — wfg(00)| Ty
-
f 1, E A (07 2) - ﬁ ]IE"VL
P(EF) || n 2"
< 1, IE,_An(O’%)—ﬂ :
“P(ER) L n 2

The above converges to zero almost surely since E[A™(0,3)/n] — A1/2 as n — oo. Thus

(97) converges to zero as n — oo.
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2. Suppose instead that grg(t) crosses c. Suppose A\; > cu, so by Lemma 12 ¢r,5(¢) is monotoni-

cally increasing. Let ¢* be the time such that grs(t*) = ¢. Then

wig(c0) = j Ardt = (5 —t")\q.
We claim that conditional on Eg”,
(100) |t —t*| > ¢ implies that |QTg(t)/n —c| > §/2.
We will show the contrapositive. We have that when |Qfg(t)/n — ¢| < /2, then

G0 |9t ]
n n

lqus(t) —¢f < c

qus(?)

Now by Lemma 12, |grs(t) — ¢| < d implies |t — t*| < e, showing the claim.
Next, we claim that then conditional on EY, for all ¢ > t* + ¢, Q%4(t)/n > c. Assume not for

contradiction. Then

(101) o< Ws 0

< c-aust) + |50 g0 - §
(102) <c—aqs(t)
(103) <0,

giving a contradiction. Here (101) holds by (100) in conjunction with Q{s(t)/n < ¢, (102)
holds as we are assuming E7, and finally (103) holds as A\; > cu and Lemma 12 implies that
qrs(t) is increasing in ¢, qrs(t*) = ¢, and t > t*.

By an analogous argument, we can show that for all t < t* —e, Q'q(t)/n < c¢. As the number
of reassignments Wﬁ’sn(oo) is the number of arrivals such that Qf'q(t) > cn at the time ¢ of
arrival, we thus have that all arrivals A" (t* + ¢, 3), will be reassignments, none of the arrivals
A™(0,t* — €) will be reassignments, and the remaining arrivals are to be determined. This

implies

ANt + &, 3y < WG (00)gy < A (8" — &, 3)T 5.
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W (00) _ APt + ) APT(t — ) _
E Lsn - wis(oo) Ey| <E LST - wis(oo) + LS# —wig(o0)| | E§
AP 4 €) APT(tr — )
<E LST - wis(oo) + LS# — wrg(0) /P(Ea

< 21 /P(ED).

Letting n — oo, the above converges to 2eA1. As ¢ was arbitrary, the above term and thus
(97) must converge to zero as n — oo.
It is not hard to see that if instead A1 < cu, then as qps(t) will be decreasing, we will obtain

a similar bound of the form
A0, 8" — )y < Wi (00)Igp < A™(0,8" + &)y,

After taking expectations, we could again show the convergence of (97) to zero. Thus we
conclude that Wﬁsn(oo)/n = wig(00).
Showing that WE’Sn(oo) = wiy(00), Wé’:(oo)/n = wi, (00), and W]%X(oo)/n = wi, (00) is very

similar and the details are omitted. O

A.7. Proof of Lemma 9. Here we give a series of lemmas about the differential equation

B(t) =y — p(x(t) Am),

with 2(0) € Ry, v, u, m > 0, that will ultimately allow us to prove Lemma 9. For convenience, we

let g(z,t) equal z(t) when 2(0) = x (making the function g(x) defined in Lemma 9 equal to g(z,3)).

LEMMA 13.  The differential equation given by z(t) with initial condition z(0) € Ry has a unique
solution x(t) with x(t) > 0 for all t € [0,4]. Further, for every x € Ry, g(x,t) is either strictly

increasing in t for all t, strictly decreasing in t for all t, or equal to g(x,0) for all t.
PRrOOF. The differential equations

2(t) =y — 2()n,
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with an initial condition y(s) € Ry and z(s) € Ry both have unique solutions for all ¢ > 0 given by

y(t) = y(s) + (t — s)(y — mu),

(0= 2+ exp(ate - ) (- 2).

respectively. We claim that these two differential equations in combination determine the path of
x(t). Given our formula for #(t), we observe that z(t) > m and z(t) = y(¢) implies &(t) = y(t).
Suppose that for some s we have x(s) > m and let y(s) = x(s). Then for all ¢ > s such that
y(t) > m, we will have z(t) = y(t). Analogously, we observe that z(t) < m and z(t) = z(¢) implies
that ©(t) = 2(¢). Suppose that for some s we have z(s) < m, and let z(s) = z(s). Then for
all t > s such that z(t) < m, we will have z(t) = z(¢). Thus we can show that x(¢) has a unique
solution on [0,4%) for all initial conditions by showing that there is a clean exchange at the boundary
{t | z(t) = m}. In particular, it suffices to show that we cross the boundary at most one time, which
follows from the monotonicity claim in the second part of the Lemma.

First however, we need to analyze the long run behavior of z(t). We can immediately see from
Z(t) that if 2(0) = v/u, then 2(t) = 0 so z(t) = v/u for all ¢. Similarly, when z(t) < ~v/u, z will be
strictly increasing at ¢, and when z(t) > v/u, z will be strictly decreasing at ¢. Further, from the
solution for z(t), we see that if at any time s, z(s) < /u then for all times ¢t > s, we will still have
z(t) < 7/p. Namely, z will approach «/u but never reach it. Likewise, when z(s) > ~/u, we will
have z(t) > v/u for all t > s.

We can now finish the Lemma by considering three cases:

1. Suppose 7 > mu, or equivalently v/u > m. If £(0) < m, then as the attractive point of
z(t) is greater than m, we will have x(t) strictly increasing until either time 4 or s such that
2(s) = m, if s < &. There is nothing left the prove in the first case, so we consider the second.
Once z(t) > m, as v > mpu, we have &(t) = y(t) = v —mp > 0, so z(t) will increase strictly
and never again fall before m. Thus in all cases, z(t) is strictly increasing for all ¢.

2. Suppose v < mpu. Then if z(t) > m, we will have (t) = y(t) = v — mp < 0, so z(t) will be
strictly decreasing. Again there are two possibilities, either there is a time s < % such that
x(s) = m, or x(s) will not reach m before time 3. As x(¢) is uniquely defined in the second

case, we need only consider the first case further. Once we reach m, the dynamics of x(t) will
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be that of z(t). Recall that z(t) will strictly decrease towards the fixed point v/u for all ¢ > s
when z(s) < v/u. Thus for all z > v/u, g(z,t) is strictly decreasing in t. When z(0) = v/p,
then by our previous analysis of z(t) we have that g(x(0),t) = «v/u for all ¢. Finally, when
z(0) < v/p, we know that z(t) will be strictly increasing for all ¢ towards y/u. Thus in all
cases on z(0) the criteria of the Lemma are met.

3. Suppose v = mpu. Then for all x > m, @(t) =~v—mu =0, so g(x,t) = g(z,0). For all x < m,
by our analysis of z(t), we know that x(t) will be strictly increasing towards v/u = m but

never reach it.

Thus we can conclude that x(¢) has a unique solution for all ¢ € [0, %). O
LEMMA 14. When z >y, we have g(x,t) > g(y,t) for all t.

ProoF. We will make a coupling argument. By Lemma 13, we know g(x,t) is either strictly
increasing in ¢, strictly decreasing in ¢, or constant. Assume for contradiction that there is a time

s such that g(y,s) > g(z,s). We now consider cases:

1. Suppose that g(z,t) is strictly increasing in ¢. As ¢(y,t) is continuous in ¢, and at time s,
9(y,s) > g(z,s) > g(x,0), by the Intermediate Value Theorem there must be some time r
with 0 < r < s such that g(y,r) = g(x,0). But as @(t) is not a function of ¢, only x(t), we
thus obtain that g(y, s) = g(x,s — r) < g(z, s), giving a contradiction.

2. Suppose that g(x,t) is constant. As g(y,t) is continuous in ¢, and at time s, we have g(y, s) >
g(z,s) = g(x,0), by the Intermediate Value Theorem there is a time r < s such that g(y,r) =
g(x,0). But then g(y,t) is constant at r, contradicting that g(y,t) must either be strictly
increasing, strictly decreasing, or constant for all t.

3. Suppose that g(z,t) is strictly decreasing and g(y, t) is either strictly decreasing or constant.
Then by taking g(x,t) 2 —g(y,t) and g(y,t) 2 —g(xz,t), we can apply cases one and two to
g(z,t) to show the claim.

4. Finally, suppose that g(x,t) is strictly decreasing and ¢(y, t) is strictly increasing. Under our
assumption that g(y,s) > g(x, s), again by the Intermediate Value Theorem, there must be
some time 0 < r < s such that g(z,7) = ¢g(y,r). But as #(¢) depends only x(¢), not ¢, we

would then have that for all ¢ > r, g(z,t) = g(y,t). This creates a contradiction, as we have
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assumed that g(z,t) is strictly decreasing in ¢ and g(y, t) is strictly increasing in ¢.

LEMMA 15. For x > 7 as defined in Lemma 9, g(z,t) > m for 0 < t < & and g(z,3) =

x4 (y —cp)/2. For x < &, there exist 0 < s < t < % such that for T € (s,t), g(x,7) < m, and

g(w,%) < x+ (v —cp)/2.

Proor. We compute for 0 <t <1 that

(104) =T+ t(y —mpu).

We first consider g(Z,t) in cases:

1. Suppose that v > mpu. Then & = m, and as y—mpu > 0, we obtain from (104) that g(Z,t) > m
for all t > 0.

2. Suppose that v < mu. Then & =m — (7 — mpu)/2, so by (104) for all ¢ > 0,

9(@,t) = m+ (v —mp) (t—;> > m.

We thus conclude that g(Z,t) > m for all 0 < t < 3. As a result, we can now make the exact

computation that for all x > 7,

g(ed) =+ /0 Y~ pu(m A g, £))dt

(105) =z —i—/ v — pwmdt
0
1
=+ 5(7 — mp).

where (105) holds as g(z,t) > g(Z,t) > m by Lemma 14 and then the above analysis, making
m A g(x,t) =m for all ¢.
We now consider z < Z, and find s and ¢ such that for all 7 € (s,t), g(x,7) < m, as in the

statement of the lemma. We consider cases:
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1. Suppose v > mpu and thus £ = m. Then g(x,0) = z < £ = m so obviously we can take s =0
and ¢ small to show the claim.
2. Suppose instead that v < mu and thus & = m — (v — mu)/2. For z < m, again the claim

obviously holds as then g(z,t) < m for all ¢ < 4. For x such that m < x < Z, observe that as

T=m—(y—mu)/2,

ogt*é T—m < T—m :},
mp—y  mp—y 2
and thus
N rT—m
9(@,t) =z + (y — mp) =m.
mp — 7y

As @(t) =y — p(m Ax(t)) <~y —mu < 0 by our assumptions, we can take s = t* and t = 3.

Finally, using s and ¢ from the statement of the lemma, we show that g(x(0),%) > x(0)+ (y—cu)/2

when z(0) < Z. We compute that

M%%—x+/ﬁv—MM%ﬂAﬁwh
0
s t 1
Z:UJr/ 7,umd7'+/ W,ug(:c,T)quL/ v — pmdT
0 S t
t
k(= m) (¢ - 9) + [ 9= (o r)ir
S
> x4 (y —mpu)/2.
The final inequality is strict as g(z,7) < m for all 7 € (s, ). O

LEMMA 16. For all x >y > I, where T is defined in Lemma 9,
9(z,3) —9(y.3) =2 —y,
and for all x >y, y < ,
0<g(@,3)—gy3) <z-y.
ProoOF. For x > y > z, by Lemma 15, we have that

g(x,3) —g(y,3) =z +(y—mu)/2 -y —(y—mp)/2 =2 —y.
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For z >y, y < &, let s and ¢ be from Lemma 15 such that for all 7 € (s,t), g(y,7) < m. Then

1

@) =D ==y + [ (o) Am) = (gla7) A m)dr
As z > y, by Lemma 14 we have g(z,7) > g(y, ) for all 7, and thus g(z,7) Am > g(y,7) A m for

all 7, making the integrand nonpositive. Thus
t
s d) =9 H) = —y+u [ (olo7) Am) = (ga.7) A m)dr
S
t
—a—y+u [ glur) = (o) Am)dr
S
t
<z —y+u/ 9(y,7) — g(a, 7)dr
S
<x-—y.
That g(x,%) — g(y,3) > 0 follows immediately from Lemma 14. O

PrROOF OF LEMMA 9.. The Lemma follows immediately from Lemma 13, Lemma 14, Lemma

15, and Lemma 16. ]

A.8. Null Recurrence and Transience. We give a sufficient condition to distinguish be-
tween the null recurrent and transient cases from [26], Theorem 3.2, (see also Section 3.6 from [14]).
We do not present the theorem in full generality. As in Appendix A.1, suppose we have a discrete

time irreducible Markov chain {Xj} taking values in X C Z<.

PROPOSITION 10. Given a finite set B C X and Lyapunov function V: X — Ry, assume that

(106) P <liglsup V(Xg) = oo) =1,
(107) inf B [(V(X1) = V(X)) > 0,
(108) 5161?( Ex [(V(Xy) — V(Xo))4] < 0.

If for allx € X'\ B,
Ex [(V(X1) = V(X0))?]
2V (x) ’
then { Xy} is recurrent. Alternatively, if there exists € > 0 such that for all x € X \ B,
Ex [(V(X1) — V(X0))?]
2V (x) ’

(109) Ex [V(X1) = V(Xo)] <

(110) Ex[V(X1) —V(Xo)] > (1+¢)

then {X,} is transient.
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REMARK 3. As noted in [26], a sufficient condition for (106) is that for every z > 0,
(111) inf P(V(X4) > 2z | Xg=2x) > 0.

xeX

We now return to our model. As before, we will use the Lyapunov function V(q, ) 2 q+r.

LEMMA 17. For each 6 € {LS,DA}, the following limit exists, is finite, and is non-zero:

(112) Fy 2 Jim g |(V(So(1) = V(Se(0)))?].
(g,r)€Sy

Further,

(113) sup E, [(V(So(1)) = V(S9(0)))*] < oc.

Finally, when pg =1, as ¢ — oo, we have for r such that (q,r) € Sy that
(114) E(4n[V(Se(1)) — V(Se(0))] = O(exp(—q/2)).
PROOF. First consider § = LS. Recall from (31) that for any ¢ > 0,
l on off ¢
E(ge |(V(S15(1) = V(Sts(0))] = B | (A+ D% - D) |-

Further, recall that we coupled D% with D¢% that had distribution Pois(cy) such that D% < D98
and Dﬁfsf with bﬁfsf that had distribution Bin(c, 1—e™#) such that ng < Dﬁfsf Using these couplings,
we can show (113) just as we showed (29).

Recall that under our coupling, we have Dﬁfsf = Eﬁfsf for initial (g, r) such that r = ¢. Likewise,
we have that DPg was equal to Dﬂ% under an initial condition (g,r) for those realizations where

ﬁﬁ% < q — c. This led to (34), namely that for ¢ > ¢,

IE(KLC) [DI?%] > E DE%H{DEg<q_C} .
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We now can show (114). Assuming pg = 1 and thus vy = 0, we have

E(q.0[V(Sts(1)) = V(S1s(0)] = E |A - DY — DE| + By [ D3 - DR

< =%+ EDPT pprs ]

\/E (522)°] 2 [fogg0-o

< \/((cu)2 + cp)E [exp (Dﬂg —q+ c)}

IN

< exp(—a/2)/((en)? + ei1) exp(c) explep(e — 1)

= O (exp(—q/2)),

as ¢ — co. Here we use that for any random variable X, Iy x>, < exp(X —1).

It remains to show (112). We will show that
Fis = E[(A - DP§ — DP§)°l.
For any ¢ > 0, observe that
E(qe) |(V(S15(1)) = V(SL(0)?] = By |(V(S1s(1) = V(SLs(0)) Ly gy
T B [(V(S1s(1) ~ V(SLs(0) Tpon<y |-

For the second term, we have that
(115)

Jim By [(V(S15(1) = V(S15(0)* L ppucyg| = lim E [(A - Dy - bit)’ H{ﬁggm}]
(116) —E [(A _pen Dggf) 1

= Is,

where (115) follows by our coupling and (116) follows from the Monotone Convergence Theorem.
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For the first term, we have

lim Eg, [(V(Sts(1) ~ V(Sts(0) I pens o]

q—o0

< lim 4/Eq [(V(SLS(l)) - V<SLS(O)))4} E(g0) [H{ﬁgg>q—c}]

q—o0

€SLs

< lim \/IP’ (f)gg > q) \/Ssup E, [(V(SLS(l)) - V(SLS(O)))ﬂ

where in the final equality we use (113). This shows (112) and thus the Lemma in the case of LS.
The case of DA is similar. O

We now complete the proof of Theorem 1 by showing that for each § € {LS, DA}, {Syp(k)} is null

recurrent when pg = 1 and transient when pg > 1.

PROOF OF THEOREM 1.. We have already established in section Appendix A.1 that when py >
1, {So(k)} is either null recurrent or transient, and when pg < 1, {Sg¢(k)} is positive recurrent. Thus
it suffices to show that {Sg(k)} is recurrent when py = 1 and transient otherwise. We proceed using
Proposition 10. We must check that the assumptions of the proposition are satisfied by {Sg(k)}
for § € {LS,DA}. By (113) from Lemma 17, (108) is satisfied. It is obvious that (107) is satisfied.
Finally, to check (106), we verify the sufficient condition (111). Recalling Corollary 2, it is immediate

that for all z > 0,

Inf P(V(Se(1)) 2 2 | S9(0) = 8) = P(V(Ss(1)) = 2 | S9(0) = (0,0)) > 0.

Now suppose pg = 1. We will show that (109) holds. For a constant by > 0, we will take By of

the form {(q,7) € Sp | ¢ < bp}. By (114) from Lemma 17, as ¢ — oo, we have

E(gr [V(Se(1)) = V(Se(0))] = Oexp(—q/2)),
and by (112) from Lemma 17, as ¢ — oo,

E(.ry | (V(Se(1)) —V(Se(O)))Q} 1
2V (q,r) © ( > '

Thus by taking by sufficiently large and using that exp(—¢q/r) = o(1/q), we have (109) for all

s € Sp \ By, showing that {Sy(k)} is null recurrent.
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Alternatively, suppose that pp > 1. We now must show that (110) holds. We use by to define By

in the same way. By Lemma 1 and Lemma 2 we have

lim K, [V(Se(1)) = V(Se(0))] = = >0,

q—>00
(g,m)ESy

and again by (112) we have

By [V(So(1) ~ V(So0)] (1
2V (S9(0)) = (q> '

Thus by taking by sufficiently large and ¢ = 1, we have (110), showing {Sy(k)} is transient, com-

pleting the proof. O
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